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ABSTRACT
We review various aspects of the nonperturbative dynamics of gauge theories and string theory,
making use of recently discovered duality symmetries. We study positivity conditions on anomalies
in supersymmetric field theories with conformal fixed points and test a candidate Zamalodchikov
C-function in four dimensions. We construct Seiberg-Witten curves for various supersymmetric
gauge theories with product gauge groups by studying field theory limits of these theories and by
using M-theory fivebrane constructions of these theories. Some of these theories are chiral, and
we derive the first Seiberg-Witten solutions for chiral gauge theories. We study general aspects
of Seiberg-Witten solutions of orbifold field theories, and find an exact nonperturbative relation
between the gauge coupling functions of the parent and orbifold theories. We identify marginal
deformations of field theories with motions of NS fivebranes in Type IIA brane constructions of field
theories with manifolds of fixed points. We construct elliptic theories with marginal deformations
geometrically in Type IIB string theory by a T-duality of the Type IIA constructions. We prove
that a large class of nonelliptic theories which are conformal in the infrared do not have supergravity
descriptions in the sense of the Maldacena conjecture by using a relation between the Weyl and
Euler anomalies in supergravity theories.
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1 Introduction
The past several years have seen a dramatic revolution in our understanding of supersymmetric
gauge theories. Supersymmetry often imposes such strong constraints on the dynamics of a theory
that we can exactly solve for the low energy effective theory that describes this dynamics. In
many cases the low energy degrees of freedom do not resemble the degrees of freedom of the
more fundamental high energy theory, yet we can often understand in supersymmetric theories
such phenomena as confinement at low energies. Recent developments have relied heavily on the
realization that the dynamics of fundamentally different theories are often related, and that by
studying one theory which is well understood, for example a perturbative theory at weak coupling,
we can understand a more complicated theory, for example a nonperturbative strongly coupled
theory. These dualities link field theories at weak and strong coupling, theories with different
gauge groups and different degrees of freedom, and theories with different dimensions in different
geometric backgrounds. Dualities between field theories can sometimes be understood from related
dualities between string theories. Our current understanding is that the various string theories
together with eleven dimensional supergravity are all related by such dualities in different energy
and coupling regimes. There is thought to exist a more fundamental eleven dimensional theory,
which is not yet completely understood, from which all of these theories presumably descend, which
has been dubbed M-theory.
The study of supersymmetric gauge theories has several motivations. Of primary importance is
that the dynamics of supersymmetric theories can often be more easily studied than the dynamics of
nonsupersymmetric theories. Nonsupersymmetric theories generically give rise to divergences and
fine tuning problems, some of which are absent in their supersymmetric cousins. For example, the
mass of the Standard Model Higgs boson receives quadratically divergent perturbative corrections,
which puts the natural scale for the Higgs boson at a large cutoff scale, far above the expected weak
scale for the Higgs boson mass. Because much of the dynamical information of supersymmetric
theories is contained in the form of holomorphic functions, and because supersymmetric theories
naturally have additional symmetries, the low energy behavior of these theories is often quite re-
stricted. Geometry plays an important role, and supersymmetry leads to beautiful links between
physical and mathematical ideas. One hopes that by studying phenomena that arise in supersym-
metric theories we will better understand nonsupersymmetric theories as well. Furthermore, many
physicists believe that our universe is in fact supersymmetric at a scale only slightly higher than
that which is observable at current colliders. Hence, supersymmetry has important implications
for both experiment and phenomenology.
Recently, string theory has provided new tools for studying supersymmetric gauge theories.
Weakly coupled string theory contains heavy, solitonic, multidimensional objects on which open
strings or other multidimensional objects can end. Low energy fluctuations of these branes are
described by fields, and one can learn about field theories by studying configurations of branes whose
low energy fluctuations give rise to those field theories. It has become an industry to search for brane
descriptions of interesting field theories, and conversely given brane configurations to determine
what field theories reside on them. As we will see, many complicated aspects of the dynamics of
gauge theories are reproduced easily by simple observations regarding brane configurations of those
theories. Furthermore, brane constructions have led to new results regarding certain classes of gauge
theories. The use of string theory to understand field theory represents a new paradigm in high
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energy physics. In the eighties, string theory was inherently perturbative, and even perturbative
calculations beyond leading order proved a daunting challenge. Nonperturbative aspects of string
theory were far beyond reach. Today, many nonperturbative aspects of string theory are well
understood, and have led to interesting results for gauge theories.
In addition to studying brane configurations in flat backgrounds, there are two other ways in
which to produce gauge theories from string theory. String theory is ten dimensional (or a hybrid
of ten and twenty-six dimensions), and in order to study lower dimensional theories we can consider
a vacuum in which several dimensions are compactified. Insisting that there be supersymmetry in
the theory on the non-compact dimensions restricts the geometry and topology of the compactifica-
tion, and interesting gauge theories arise as the low energy description of these compactifications.
In addition, branes may be wrapped around cycles in the compact directions, or extend in the
noncompact directions. The low energy effective theory on branes in background geometries leads
to other interesting gauge theories.
In this thesis we will study aspects of supersymmetric gauge theories, in part by purely field
theoretic techniques, and in part by the string theory approaches. Dualities which relate these
different approaches will prove valuable in the study. We will concentrate on work that was done
over the past few years by the author in several collaborations.
In Chapter 2 we study positivity conditions on anomalies in supersymmetric gauge theories.
These positivity conditions follow from unitarity. We calculate the renormalization group flow of
the Euler anomaly from the ultraviolet to the infrared, and find that the difference is always positive
in the models studied, in agreement with a conjecture that the Euler anomaly is the Zamolodchikov
C-function in four dimensions.
The low energy dynamics of N=2 supersymmetric Yang-Mills theories in the Coulomb phase
is given by a single holomorphic function of the vector superfield in the theory, and depends on
the values of vacuum expectation values of scalar fields along a manifold of physically inequivalent
vacua. Following Seiberg and Witten, this holomorphic function is specified by a particular Riemann
surface, which is given by an algebraic curve. The algebraic curve has been specified for several
classes of gauge theories. K=1 supersymmetric theories which are in the Coulomb phase have
only a partial solution in terms of an algebraic curve. Namely, the gauge kinetic function in these
theories is precisely the period matrix of the curve. The Kahler potential is not holomorphic and
cannot be specified by a Riemann surface in the same way. In Chapter 3 we derive the algebraic
curve which describes AV=1 supersymmetric SU(N)M gauge theory with matter in bifundamental
representations of the gauge group. By studying limits in the space of vacua where the product
group theory is equivalent to another theory whose algebraic curve is already known, and by using
the symmetries of the product group theory, we determine the coefficients in the algebraic curve as
functions of the moduli which parametrize the space of inequivalent vacua. This class of theories
is chiral for N, M > 2. Chiral theories are interesting because they are the most likely candidates
for supersymmetry breaking, and one might hope that the nonperturbative dynamics will give rise
to new mechanisms of supersymmetry breaking.
Witten demonstrated that the algebraic curve for .J=2 supersymmetric Seiberg-Witten theo-
ries which have brane descriptions in Type IIA string theory can be derived by lifting the brane
construction to the eleven dimensional M-theory. The surface on which the M-fivebrane wraps is
precisely the Seiberg-Witten curve for the theory described by that M-theory brane configuration.
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In Chapter 4 we use this approach to derive the curves for the A'=2 supersymmetric version of the
same product group theory. The .J=2 theory is non-chiral.
A procedure analogous to orbifolding in string theory can be applied to a field theory which
has a discrete symmetry that is a subgroup of the gauge and global symmetries of the theory. The
procedure is to simply throw out all fields which are not invariant under the discrete symmetry, and
throw out all interactions involving the noninvariant fields. The resulting orbifolded field theory
typically looks quite different from the original parent theory. In Chapter 5 we derive an exact
nonperturbative relation between the gauge coupling functions of a class of Seiberg-Witten theories
and their orbifold descendents.
Some supersymmetric theories have manifolds (in the space of couplings) of conformal fixed
points, and marginal operators which govern the flow along the fixed manifolds. In Chapter 6 we
study brane configurations for K=1 and AF=2 supersymmetric theories with manifolds of fixed
points, and identify the marginal operators with motions of branes. We construct type IIA con-
figurations and their T-dual Type IIB geometric configurations for a large set of models. The
Type JIB configurations typically involve orbifolds or conifolds and a new type of orientifold which
does not carry Ramond-Ramond charge. Maldacena conjectured that there is a relation between
conformal field theories and supergravity in Anti-de Sitter space. We show that a large class of
theories with manifolds of conformal fixed points does not satisfy a condition required by theories
with supergravity descriptions.
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2 Anomaly Positivity and the a-Conjecture
The relation between the trace and R-current anomalies in supersymmetric theories
implies that the U(1)RF 2 , U(1)R and U(1)3 anomalies which are matched in studies of
N = 1 Seiberg duality satisfy positivity constraints. Some constraints are rigorous and
others conjectured as four-dimensional generalizations of the Zamolodchikov c-theorem.
These constraints are tested in a large number of N = 1 supersymmetric gauge theories
in the non-Abelian Coulomb phase, and they are satisfied in all renormalizable models
with unique anomaly-free R-current, including those with accidental symmetry. Most
striking is the fact that the flow of the Euler anomaly coefficient, auv - aIR, is always
positive, as conjectured by Cardy.[1]
The computation of chiral anomalies of the R-current and conserved flavor currents is one of
the important tools used to determine the non-perturbative infrared behavior of the many super-
symmetric gauge theories analyzed during the last few years. The anomaly coefficients are subject
to rigorous positivity constraints by virtue of their relation to two-point functions of currents and
stress tensors, and to other constraints conjectured in connection with possible four-dimensional
analogues of the Zamolodchikov c-theorem [2]. The two-point functions have been considered [3]
as central functions whose ultraviolet and infrared limits define central charges of super-conformal
theories at the endpoints of the renormalization group flow. The positivity conditions are reason-
ably well known from studies of the trace anomaly for field theories in external backgrounds. In
supersymmetric theories the trace anomaly of the stress tensor and conservation anomaly of the
R-current are closely related, which leads [4] to positivity constraints on chiral anomalies.
Two studies of positivity constraints in the SU(Nc) series of SUSY gauge theories with NJ
fundamental quark flavors have previously appeared. The first of these [5] analyzed the confined
and free magnetic phases for N, < NJ < 3Nc/2, while the basic techniques for computing the flow
of central charges when there is an interacting IR fixed point were developed in [4] and applied to
the conformal phase for 3Nc/2 < Nf < 3N. The most striking result of [4, 5] was the positive flow,
auv - aIR > 0, of the coefficient a(g(p)) of the Euler term in the trace anomaly in an external
gravitational background, where g(p) is the gauge coupling at RG scale p. This result agrees with
the conjecture of Cardy [6] that the Euler anomaly obeys a c-theorem. Positivity is also satisfied
in all non-supersymmetric theories tested [6, 7]. We shall refer to the inequality auv - aIR > 0 as
the a-conjecture. The purpose of this chapter is to present an extensive exploration of the rigorous
positivity constraints and those associated with the a-conjecture in many supersymmetric gauge
theories with interacting IR fixed points (and some IR free models). We find that the a-conjecture
and other constraints are satisfied in all renormalizable theories we have examined, and there are
other results of interest.
In Sec. 2.1, which is largely a review of [4], the various anomalies, the theoretical basis of the
positivity constraints and the computation of central charge flows are discussed. In Sec. 2.2 we
discuss some general aspects of positivity constraints and the a-conjecture in models with R-charges
uniquely fixed by classical conservation and cancellation of internal anomalies. In some models an
accidental symmetry has been postulated to preserve unitarity, and the central charges must be
corrected accordingly. This is discussed in Sec. 2.3. In Sec. 2.4, the positivity constraints are tested
in many examples of renormalizable SUSY gauge models with uniquely determined R-charges. We
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also check the a-conjecture for various types of flows between conformal fixed points. The situation
of some non-renormalizable models is discussed in Sec. 2.5. There are other models in which the
conserved, anomaly free R-current is not unique. Our methods are less precise in this case, but we
discuss an example in Sec. 2.6. Sec. 2.7 contains a discussion of results and conclusions.
2.1 Anomalies and Positivity Constraints
The theoretical basis for the analysis of anomalies in supersymmetric theories comes from a com-
bination of three fairly conventional ideas, namely
A. The close relation between the trace anomaly of a four-dimensional field theory with external
sources for flavor currents and stress tensor and the two point correlators (J,(x)J,(y)) and
(T, (x)To, (y)) and their central charges.
B. The close relation in a supersymmetric theory between the trace anomaly 6 = T4t and the
anomalous divergence of the R-current &,R".
C. The fact that anomalies of the R-current can be calculated at an infrared superconformal
fixed point using 't Hooft anomaly matching. This is the standard procedure, and one way to
explain it is to use the all orders anomaly free S-current of Kogan, Shifman, and Vainshtein
[8].
We now review these ideas briefly. More details are contained in [3, 4].
A. Trace anomaly and central charges
We consider a supersymmetric gauge theory containing chiral superfields <D? in irreducible repre-
sentations Ri of the gauge group G. To simplify the discussion we assume that the superpotential
W = 0, but the treatment can be generalized to include non-vanishing superpotential, and this will
be done in Sec. 2.1C below.
We consider a conserved current J,(x) for a non-anomalous flavor symmetry F of the theory,
and we add a source B,,(x) for the current, effectively considering a new theory with an additional
gauged U(1) symmetry but without kinetic terms for B. The source can be introduced as an
external gauge superfield B(x,6,6) so supersymmetry is preserved. We also couple the theory to
an external supergravity background, contained in a superfield Ha(x, 6, 0), but we discuss only the
vierbein e' (x) and the component V,(x) which is the source for the RA current of the gauge theory.
The trace anomaly of the theory then contains several terms
1 a2 1 - 2 (g) 2 a(g) - 2(4g) v
= 2g 3 (g)(F,) 2 + 2 (B + 6 (W,32r)
2 
_ 7r2 (R + r2 , (2.1)
where W,,,,p is the Weyl tensor, Rvp, is the dual of the curvature, and B,, and V1, are the
field strengths of BA and V, respectively. All anomaly coefficients depend on the coupling g(p) at
renormalization scale p. The first term of (2.1) is the internal trace anomaly, where /(g) is the
numerator of the NSVZ beta function [9]
= 172 3T(G) - T(Ri)(1 -i(g(p))) . (2.2)
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Here T(G) and T(Ri) are the Dynkin indices of the adjoint representation of G and the represen-
tation Ri of the chiral superfield <hy, and -yi/2 is the anomalous dimension of JD.
The various external trace anomalies are contained in the three coefficients 6(g), E(g) and a(g).
The free field (i.e. one-loop) values of and a have been known for many years [10]. In a free
theory of No real scalars, N 11 2 Majorana spinors, and N1 gauge vectors, the results are
1
c= (12N 1 + 3N/ 2 + No)120
a = I (124N + 1 1N1/ 2 + 2NO). (2.3)720
In a supersymmetric gauge theory with N, = dim G gauge multiplets and NX chiral multiplets
these values regroup as
1 1
cUv = -(3Nv + N ) auv = 8(9Nv + Nx). (2.4)24 48
If T' is the flavor matrix for the current J,, (x) which is the 60 component of the superfield "T§7 <g,
and dimRi is the dimension of the representation Ri, the free-field value of b is
buv = Z (dimRi)Ti'Tj (2.5)
iji
The subscript UV indicates that the free-field values are reached in the ultraviolet limit of an
asymptotically free theory. Clearly and a count degrees of freedom of the microscopic theory with
different weights for the various spin fields.
The current correlation function is
(JA()J (0)) = 16r4( - 0 0 0 b(g(x)) . (2.6)
It follows from reflection positivity or the Lehmann representation as used in [11] that the renor-
malization group invariant central function [4] b(g(1/x)) is strictly positive. We assume that the
theory in question has UV and IR fixed points so that the following limits exist:
buv = b(guv) = limxoo b(g(1/x))
bIR = b(gIR) = lim+oo b(g(1/x)) (2-7)
These endpoint values appear as central charges in the operator product expansion of currents in
the UV and IR superconformal theories at the endpoints of the RG flow.
The correlator (T,,(x)Tp,(0)) has the tensor decomposition [3]
(TM(X)TP()) = I c(g(1/x)) f (log xA, g(1/x))
487r0 / Mj2" x 4  + L,,flp. , (2.8)
where HP = (O,8& - 6t,LI) and Htypo = 211tUpu - 3(HpflIvo+ H,flvpp) is the transverse traceless
projector and A is the dynamical scale of the theory. The central function c(g(1/x)) is a positive
RG invariant function. Its endpoint values cuv and CIR are also central charges. The second tensor
structure in (2.8) arises because of the internal trace anomaly. It is proportional to /(g(1/x)) and
thus vanishes at critical points.
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The important point is that there is a close relation between the anomaly coefficients b(g(p))
and a(g(p)) and the central functions b(g(p)) and c(g(p)). Namely I(g(p)) and b(g(p)) differ by
terms proportional to 3(g(p)), so they coincide at RG fixed points. The same holds for (g(p)) and
c(g(p)). This means that the end-point values of the anomaly coefficients are rigorously positive.
This is evident for the free field ultraviolet values in (2.3-2.5). The infrared values bIR and cIR must
also be positive, and this is an important check on the hypothesis that the long distance dynamics
of a theory is governed by an interacting fixed point.
This important relation between trace anomaly coefficients and current correlators was derived
in [3, 4] by an argument with the following ingredients:
i. Since the explicit scale derivative of a renormalized correlator corresponds to the insertion of
the integrated trace anomaly, the (J,(x)J,(0)) correlator satisfies
L (J1(X)JV(O)) = 87r2b(p)(EMP" - 2g3)64(x)  K3 (W )J (0) Jdz (F,) 2 ). (2.9)
ii. The central function b(g(1/x)) satisfies a standard homogeneous renormalization group equa-
tion, but b(g(1/x))/x 4 requires additional regularization because it is singular at the origin.
The regulated amplitude satisfies
P b(g(1/x)) 1 b(g(p) ' 4 (g(p)) b(g(1/x))p -= 6(gp))o(z)+ 3 4 .(2.10)p 4 reg - 0 g7r2 9 3 reg
where b(g(p)) is associated with the overall divergence at x = 0.
iii. Using the method of differential renormalization [12] and the RG equation, one can resum a
series in powers of (log Xbt)k to derive a non-perturbative differential equation, namely
g + 26(g) = 2b(g). (2.11)
B9g
This shows that 6(g(p)) and the central function itself, b(g(p)), coincide at fixed points.
Comparing (2.9) and (2.10) it is tempting to identify b(g(p)) = b(g(p)), but this also holds
only at fixed points since we cannot exclude possible local 64 (X) terms in the (JJ f F 2 )
correlator. It is easy to see that contributions to (JJf F 2 ) begin at order g(pi) 4 . It is
assumed that the local terms have no singularities which could cancel the zero of 0(g).
The anomaly coefficient a(g(p)) is related to 3-point correlators of the stress tensor [13] rather
than to (T,,Tp,). However it is clear that a(g(p)) is significant, and that the fixed point values
auv, buy, cuv and aIR, bIR, CIR are important quantities which characterize the superconformal
theories at the fixed points of the RG flow.
c-theorems: In two dimensions Zamolodchikov established the c-theorem by constructing a
function C(g(p)) as a linear combination of (suitably scaled) (TzzTzz), (TEz) and (00) correlators
which satisfies:
y C(g(p));>0
CO ) p|=g. =0 (2.12)
ag
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where c* is the Virasoro central charge of the critical theory at the fixed point g = g* or, equivalently,
the fixed point value of the external trace anomaly coefficient
1
0 = c*R (2.13)247r
where R is the scalar curvature. The properties (2.12) imply cUV - CIR > 0 which is the form in
which the c-theorem is usually tested [14]. The ingredients of Zamolodchikov's proof of these prop-
erties are conservation Ward identities, rotational symmetry, reflection positivity, and Wilsonian
renormalizability. There is a similar proof [11] of a k-theorem for the central charges of conserved
currents, which leads to buy - bIR > 0 in our notation. There are alternative proofs [7, 11] of
the c and k-theorems in two dimensions based on the Lehmann representation for the invariant
amplitudes in the decomposition of < Tpv(p)To,(-p) > and < Jp(p)Jv(-p) >.
The techniques used in the two-dimensional case cannot be extended to four dimensions [6, 7],
and it has not so far been possible to construct any C-function for four-dimensional theories which
satisfies (2.11). The best thing one now has is Cardy's conjecture [6] that there is a universal
c-theorem based on the Euler anomaly, so that auv - aIR > 0 in all theories. There is theoretical
support for this conjecture [13], and empirical support by direct test in models where the infrared
dynamics is understood. The a-conjecture is true in all models so far tested which include
(i) SU(Nc) QCD with N2 - 1 gluons and NfN, quarks [6]. An infrared realization as a confined
theory with chiral symmetry breaking and N2 - 1 decoupled Goldstone bosons is assumed.
(ii) QCD at large N, with Nf = 11N,/2 - k near the asymptotic freedom limit. The infrared
limit is computable in perturbation theory because of the well known close two-loop fixed
point [15]. Actually auv - aIR = 0 to order 1/N, for reasons we discuss below.
(iii) SU(Nc) N = 1 SUSY QCD in the confined and free magnetic phase for N, < Nf < 3 [5].
(iv) SU(Nc) N = 1 SUSY QCD in the non-Abelian Coulomb phase for 3Nc < Nf < 3Ne [4].
One may take a more general empirical approach and test whether other c-theorem candidates
such as the total flow buy - bIR and CUV - CIR (or possible linear combinations with auv - aIR)
are positive in the models above. It is known that cUV - CIR is positive in the situations i) [7]
and iii) [5] above, but negative in situation ii) [7] and changes sign from positive to negative as NJ
increases in the theories of iv). Thus a universal "c-theorem" is ruled out. In the Appendix below
we present brief calculations to show that a b-theorem cannot hold in situations i)-iii) above, and
it is known [4] not to hold in situation iv).
Thus the a-conjecture, auv - aIR > 0, emerges as the only surviving candidate for a universal
theorem in four dimensions. The desired physical interpretation requires the existence of an A-
function A(g(p)) which decreases monotonically from aUV to aIR and counts effective degrees of
freedom at a given scale. Thus the relation auv - aIR > 0 would make little physical sense
unless aIr is positive. Indeed it has been argued [16] that a(g(p)) is positive at critical points if a
conjectured quantum extension of the weak energy condition of general relativity is valid.
Let us now summarize this discussion of the positivity properties of trace anomaly coefficients.
The free-field values auv, buy, cUV are automatically positive. Positivity is rigorously required for
bIR and CIR, and it is a useful test of our understanding of the infrared dynamics to check this
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property in models. We will also explore the conjectured a-conjecture and the related condition
aIR > 0. We will also show that the "data" for N = 1 SUSY gauge theories in the non-Abelian
Coulomb phase imply that there is no linear combination u(auv - aIR) + v(cUv - CIR) which is
positive in all models (except for v = 0, u > 0).
B. Relation between e and &,,R" anomalies in SUSY/SG.
In a supersymmetric theory in the external U(1) gauge and supergravity backgrounds discussed
above, the divergence of the RA current and the trace of the stress tensor are components of a
single superfield. Therefore the supersymmetry partner of the trace anomaly e of (2.1) is
= ~ ) b(g) ((g) - a(g) 5a(g) - 3U(g) (
Ot(,gR") =- 3gO(g)(FF) 48w 2 (Bh) + 247 2  R9 + 9w2 (VV) (2.14)
where R and R on the right hand side are the curvature tensor and its dual. The ratio -2/3
between the first two terms of (2.1) and (2.14) is well known in global supersymmetry, but the
detailed relation of the anomaly coefficients of the gravitational sector was first derived in [4] by
evaluating the appropriate components of the curved superspace anomaly equation
1 (W
wJaa 2  (Wr 2 - aE) (2.15)
where J,6, W 2 and E are the supercurrent, super-Weyl, and super-Euler superfields respectively.
This equation shows that all gravitational anomalies are described by the two functions a(g) and
a(g), and this is also the reason why the coefficients of the third and fifth terms of (2.1) are related.
An alternate derivation of (2.14) which does not require superspace technology was also given in
[4].
The last three terms of (2.14) are essentially the same as the anomalies usually computed in
studies of N = 1 Seiberg duality. It is this fact that leads to immediate positivity constraints on
supersymmetry anomalies which we can test easily in the various models in the literature which
flow to infrared fixed points.
C. Computing infrared anomaly coefficients.
In this section we discuss how the infrared central charges bIR, CR and aIR are related to the
conventional U(1)RF 2 , U(1)R and U(1)3 anomalies. This is already quite clear, and some readers
may wish to jump ahead to the final formulae at the end. However we do think that it is useful
to derive this relation using the formalism of the all-orders anomaly-free SA current introduced in
[8]. The external anomalies of this current can be clearly seen to agree in the infrared limit with
those of the R' current which is in the same multiplet as the stress tensor, and thus part of the
N = 1 superconformal algebra of the infrared fixed point theory. A very clear explanation of the S1I
current is given in Sec.2.2 of [8] for the case of general gauge group G and arbitrary superpotential
W(O). We summarize and exemplify the argument for the slightly simpler case of cubic W(O).
Gaugino fields are denoted by Aa(x), a = 1,...,dimG, and scalar and fermionic components
of W (x) by q(x) and '/ (x) respectively. The canonical RI' current (which is the partner of the
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stress tensor), and the matter Konishi currents K ' for each representation are
1 1 2Oa
2 +
Conservation of the Konishi current is spoiled by a classical violation for any non-vanishing W and
a 1-loop exact chiral anomaly. The internal anomaly of Rl in (2.14) can also be generalized to
include W. The divergences of these currents are then (external sources are dropped)
a W +T (Ri)
K 167r2 FF (2.17)
__B 1F
alR = 1+ 482 3T(G) - T(R)(1--yj) FE (2.18)
where I indicates the 02 component of the superfield minus its adjoint. The anomaly-free R current
usually stated in the literature for any given model is a specific linear combination (assumed unique
here)
SO = R + yKz . (2.19)
which is conserved classically and non-anomalous to one-loop order. This means that all terms in
its divergence,
1 OW iF1
_0 =D9 ( )+ 482 [3T(G) - T(Ri)(1 - ('yr + -yi))J Fa " , (2.20)
cancel except those with coefficients -yi. There is then a unique (flavor singlet) all-order conserved
current1
S A = R + 1 ( -y y)K (2.21)
Its divergence vanishes,
-1 OW 1 F
aS" - y 1E +487r2 [3T(G) - T(Ri)(1 - y)] FE = 0, (2.22)
and the vanishing of the coefficients of FE and the independent cubic terms means that the -Yi are
the unique set of numbers which make the gauge and various Yukawa beta functions vanish. The yi
then have the physical interpretation as IR anomalous dimensions of the superfields #5, assuming
that there is an IR fixed point. In the infrared limit, -yj -+ 7 in (2.21), and S" -* RA. It is worth
noting that the coefficient in front of the Konishi current in (2.21) is a manifestation of positive
anomalous dimension of the anomalous Konishi current [17]. In physical correlators the infrared
limit can be associated with large distance behavior. Therefore in the infrared (large distance)
limit of correlators with an insertion of R, = S, - 1 E(4y - -y)Kt' the contribution of the Konishi
current decreases faster than the contribution of the S. current which has no anomalous dimension.
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Thus the SA and R" operators and their correlators agree in the long distance limit, as is required
at the superconformal IR fixed point. In the free UV limit -yi -+ 0, and S1 -+ So. As we will see
shortly this means that external anomalies of SA coincide with those computed in the literature.
We distinguish three classes of models in which one obtains unique S0 and SA currents. The
first is the set of models with chiral fields in Nf copies of a single (real) irreducible representation
R (or Nf fields in R D R) and no superpotential. It is easy to see that the unique SA current in
these two cases is
SP = RI + - (1- - Y((gW)) K (2.23)
3 NfT(R)
1 (1_3T(G) p+ pS1=R"±L+ ( 2NfT(R) Y(g(p))) Z(Ki+ K)
(where K' and K' are the Konishi currents of fields in the R and R representations, respectively,
and we use T(R) = T(R) and -y = ). Comparing with (2.2), one can see that the coefficient of the
Konishi terms is proportional to 3(g(p)) and thus vanishes in the infrared limit if there is a fixed
point.
The second class of models are those of Kutasov [18] and generalizations [19] in which we add a
superfield X in the adjoint representation to the previous matter content and take W = f Tr X 3 .
We let KP and -yx denote the Konishi current and anomalous dimension for the adjoint fields. The
procedure outlined above leads to the unique currents
1 2T(G) f PSP= R" + -
-y(g,f) ZK, 3xK
1 1 T(G) ~ klt 17XxSN Rf + NfT(R) _(g, f '(Ki 3 (2.24)
for the cases of representations R E adj, and R E R E adj, respectively. If there is an IR fixed
point, then both of = 3fyx/2 and (g) given in (2.2) must vanish, and it is easy to see that all
coefficients of the Konishi terms in (2.24) vanish if this occurs. The procedure may be extended to
more general models with W = f Tr Xk+l, k > 2, using the modification of (2.20) (see Sec. 2.2
of [8]) for general superpotentials.
Another common class of models resembles the "magnetic" version of SU(Nc) SUSY QCD.
There are Nf flavors of quark and anti-quark fields q and 4 in conjugate representations R' and R'
of a dual gauge group G' plus a gauge singlet M in the (Nf, Nf) representation of the flavor group.
The models have a cubic superpotential W = f Mq. In this case the unique S" current is
SIL=R- 1 3T(G') k'1
= BR + 1- 2NT( R') - 7q) (Ki + Kif - 2K ) - -(2-yq + ym)K , (2.25)
and one can check again that the coefficients of independent Konishi currents vanish exactly when
, =
3 f = 0.
Because the operator SA is exactly conserved without internal anomalies, 't Hooft anomaly
matching [22] can be applied to calculate the anomalies of its matrix elements with other exactly
conserved currents, such as 0,(SPTP'TAT). One argument for this (Sec 3 of [4]) is the following.
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The operator equation 8aS" = 0 holds in the absence of sources, and it must remain local when
sources are introduced. For an external metric source dimensional and symmetry considerations
restrict the possible form of the matrix element to
(O, S"(x)) = soRR(x) (2.26)
where the right hand side is local. A priori so(g(p)) could depend on the RG scale p. However,
SA in this case is an RG invariant operator, so matrix elements cannot depend on g(p). Therefore
so must be a constant, hence i-loop exact. If we now use the fact that S and R coincide at long
distances we have the chain of equalities
O(RTT)IR = a(STT)IR = 9(STT)uv = a(SoTT) (2.27)
where the last term simply includes the one loop graphs of the current So and gives the U(1)R
anomaly coefficient quoted in the literature. Similar arguments justify the conventional calculation
of of U(1)RFF and U(1)3 anomalies.
Formulae for anomaly coefficients: The previous discussion enables us to write simple
formulae for the infrared values of the anomaly coefficients in terms of the anomaly-free R-charges
quoted in the literature. For a chiral superfield 4<} in the representation Ri of dimension dim Ri
the R-charge ri is related to -yi' in the SO" current (2.19) by ri = (2 + 7-y)/ 3 .
The quantities bIR, CIR and aIR are the infrared values of the trace anomaly coefficients b, a
and a in (2.1). They are normalized by the free field values in (2.4) and (2.5) and are related to
R-current anomalies by (2.14). One then obtains
bIR = -3U(1)RF 2 = 3E(dimRi)(1 - r)Ti/Tj
ii
11
CIR - aIR = - 1U()R (dim G + (dim Ri)(ri - 1))
99
5aIR - CIR =9 U(1) 16 (dim G + (dim Ri)(ri - 1) 3) (2.28)
1 1
CIR = (9U(1)R - 5U(1)R) = -(4dimG + Z(dimRi)(1 - ri)(5 - 9(1 -32 32 .
3 3
aLIR = (3U(1)R - U(1)R) = -(2dim G + Z(dim Ri)(1 - ri)(1 - 3(1 -32 32
Note that the R-charge of the fermionic component of <kD is ri -1 and appears in these formulae,
which are valid for theories in an interacting conformal phase with unique anomaly free R-charges
and no accidental symmetry. The treatment is extended to include accidental symmetry and
theories with nonunique R-charge in later sections.
The hypothesis that there is a nontrivial infrared fixed point in any given model is established
by several consistency tests which in the past did not include the positivity conditions we have
discussed. The set of infrared R-charges assigned in the literature is not guaranteed to produce
positive bIR, CIR, aIR so the positivity constraints provide an additional check that the hypothesis
of an interacting fixed point is correct.
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The corresponding UV quantities are obtained from (2.28) by replacing ri -+ 2/3, and one can
check that (2.4) and (2.5) are reproduced when this is done. Thus for flows without gauge symmetry
breaking the total flow of the central charges from the UV to the IR is due to the difference between
the canonical and non-anomalous R-charges, and are given by the following formulae:
2.
buy - bIR = 3 Z(dimRi)[(ri ) (2.29)
CUV - CIR = 1 (dim R)(2 - 3ri)[(7 - 6ri)2 - 17] (2.30)
384>Zdm )(
auv - aIR = 1 (dim Ri)(3ri - 2)2(5 - 3ri). (2.31)
Higgs flows with spontaneous symmetry breaking of gauge symmetry are studied in Sec. 2.2.
There is a rather interesting aspect of the formulae (2.29), (2.30), (2.31) for central charge flows.
In perturbation theory about a UV free fixed point the quantity (2 - 3ri) is of order g 2 . Thus our
formulas are consistent with the 2-loop calculations of [23] who found that radiative corrections
to c(g) begin at 2-loop order (and quantitatively agree [4] with the perturbative limit of (2.30)),
while corrections to a(g) vanish at 2-loop order. The "input" to (2.31) comes from I-loop chiral
anomalies, so it is curious that the formula for auv - aIR "knows" about 2-loop curved space
computations.
The perturbative structure becomes more significant when we consider the physical requirement
that a C-function must be stationary at a fixed point, and that Zamolodchikov's C-function actually
satisfies 2C(g) = 0 at a fixed point. A monotonic interpolating A-function is not known in four
dimensions but one can consider a candidate A-function obtained from aIR in (2.28) by replacing
the infrared values of ri by their values calculated along the flow, i.e. ri -+ (2 + -y (g(p)))/3. This
candidate A-function naturally satisfies Zamolodchikov's stationarity condition at weak coupling.
The analogous candidate C-function obtained from CIR of (2.28) does not.
2.2 Models with Unique R-charge
In this section we discuss the positivity conditions bIR > 0, CIR > 0, aIR > 0 and auv - aIR > 0
in a large set of models in the literature where the anomaly-free R-charge is unique. While some
of these models will be considered in more detail in the next two sections, here we are going to
analyze some general aspects. It is worth emphasizing that even though the positivity of bIR and
CIR follows generally from unitarity constraints, the fact that they turn out to be positive in our
approach is additional evidence that our understanding of the infrared dynamics is correct.
The positivity constraint auv - aIR > 0 deserves some comments. As explained above, the
gravitational effective action depends on the functions a and c. It is natural to assume that
a candidate C-function measuring the irreversibility of the RG flow may be a universal model
independent linear combination C = ua + vc. We are going to show that the only combination
C = ua + yc which satisfies A C = u(auv - aIR) + v(cuV - CIR) > 0 for all models is just C = a.
First note that since there are theories (e.g. SU(N) SUSY QCD with Nf < 3Nc) with cUV - CIR
of either sign [4] and auv - aIR positive, one must take u > 0. It is then sufficient to assume
U = 1. Consider the electric version of Seiberg's SU(N) QCD with Nf fundamental flavors in the
conformal window, 3N,/2 < Nf < 3Nc. In the weak coupling limit Nc, Nf -+ oo and Nc/N! -+ 3,
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the work of [4] shows that Ac < 0 and 0 < Aa << Ac I. So we have v < 0. On the other hand
in the weak coupling limit Nf -+ oo and Nc/Nf -+ 3/2 of the magnetic theory one can see that
0 < Aa << Ac so we have v > 0. Then v = 0, and auv - aIR > 0 is the only universal a-conjecture
candidate.
Below we state simple sufficient conditions for the positivity constraints bIR > 0, CIR > 0,
aIR > 0, and also for aUv - aIR > 0 in the case of RG flows from a free ultraviolet to an infrared
fixed point. Remarkably enough, these sufficient conditions can be quickly seen to be satisfied
in most of the conformal window of all renormalizable theories that we have analyzed. Closer
examination is required for cases with accidental symmetry. There are also many examples of flows
between interacting fixed points which are generated by various deformations. These situations are
discussed in later sections.
A. Sufficient conditions
We first note that in part of the conformal window of some models, the unitarity bound r >
2/3 fails for one or more composite operators of the chiral ring. Then the formulae (2.28) for
infrared anomalies require correction for the ensuing accidental symmetry. Such cases are discussed
separately in Sec. 2.3, and we consider here models without accidental symmetry, which necessarily
have ri > 1/3 for all fields of the microscopic theory.
The simplest way in which the positivity conditions can be satisfied is if the contributions to
bIR, CIR and aIR in (2.28), and to aUv - aIR in (2.31), are separately positive for each contributing
representation Ri. This leads to the following sufficient conditions:
(i) bIR > 0 if ri < 1 for all chiral superfields -V
(ii) cIR > 0 if 1 - v/3 .254 < ri 5 1 or ri > 1 + 5/3 = 1.745 for all 4)
(iii) aIR > 0 if 1 - 1/ .423 < ri 1 or ri > 1 131/ = 1.577 for all 41
(iv) aUv - aIR 0 if ri < 5/3 for all V.
In all of the models examined we find that in the part of the conformal window where no
accidental symmetry is required,
a.) remarkably, ri < 5/3 for all renormalizable models, so the a-conjecture is always satisfied.
b.) 1 - Vf/3 < ri < 1 in all electric models without accidental symmetry. Since electric and
magnetic anomalies match in all models, we have bIR > 0 and CIR > 0 on both sides of the
duality.
c.) 1 - 1/03 < ri < 1 is satisfied in part of the conformal window of all theories, but not
always. But the sufficient condition is rather weak, and the positive contribution of the
gauge multiplet aIR always ensures aIR > 0 in the non-accidental region.
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Thus, most of the positivity conditions, especially the a-conjecture, can be verified essentially
by inspection of the tables of R-charges presented in the literature on the various models. Actually,
in many cases one can prove that ri < 5/3 as a consequence of asymptotic freedom in absence of
accidental symmetry (i.e. when all ri > 1/3). Explicit check is then unnecessary. We illustrate this
in three simple situations
i) For models with Nf copies of a single irreducible real representation R (or Nf copies of
R E W), one can see from the S, current in (2.24) that y =1- 3T(G) (or * = 1 T(G) andNf T(R) 2NfT(R))
asymptotic freedom gives y* < 0 in both cases. Thus r = (2 + -y*)/ 3 < 2/3.
ii) For renormalizable Kutasov-Schwimmer type models the current (2.25) immediately gives
the same information, r < 2/3 for the fields in R and R and rx = 2/3.
iii) We also consider models which have the same structure as magnetic SU(N) SUSY QCD,
namely Nf fields q in a real representation R' of a dual gauge group G' (or NJ fields q, 4 in R' WR')
plus a gauge singlet meson field in the Nf 0 Nf (or (1, Nf) 0 (Nf, 1)) representation of the flavor
group SU(Nf) (or SU(NJ) x SU(Nf)). There is a superpotential W = qMq (or W = qM4). Here
again one can inspect the gauge beta function (or the appropriate S,, current (2.25)) and find - * < 0
and 1/3 < rq < 2/3. The superpotential then tells us that rM = 2 - 2 rq satisfies 2/3 < rM < 4/3
with the upper limit from unitarity without accidental symmetry. Thus again ri < 5/3 for all fields.
B. Flows between superconformal fixed points
A conformal fixed point is characterized by the values of b, c and a. These values do not depend on
the particular flow which leads to or from this conformal theory. Therefore one may be interested
in a computation of the flow auv - aIR for a theory which interpolates between two interacting con-
formal fixed points. Such an interpolation may be obtained by deforming a superconformal theory
with a relevant operator which generates an RG flow driving the theory to another superconformal
fixed point. Since we know the conformal theories at both ultraviolet and infrared limits of this
interpolating theory, the computation simply requires subtraction of the end-point central charges.
In this case we do not need to construct any S-current interpolating between the ultraviolet and
infrared conformal fixed points. However it is interesting that in some cases one can construct
such an S-current and check directly the value of the flow auv - aIR. We discuss below aspects of
various types of deformations.
9 Mass deformations.
The simplest case is a mass deformation. Consider a conformal theory (H) characterized by
a H bH and cH which contains a chiral superfield (D in a real representation of the gauge group (or
a pair of chiral superfields ID and 1 in conjugate representations). Such a theory may be deformed
by adding a gauge invariant mass term Wm = 142 (or Wm = m44). We assume that the heavy
superfield D (or D and 4$) decouples from the low-energy spectrum, and that the resulting theory
flows to a new conformal fixed point with a smaller global symmetry group, and characterized
by the values aL, bL and cL. Since the heavy fields of the original theory do not contribute to
infrared anomalies, we have aIR = aL, bIR = bL, CIR = cL. On the other hand the heavy fields
contribute to ultraviolet anomalies so that aUV = aH, buy = bH and cuv = cH. Thus we have
auv - aIR = a H _- L. As a result we expect that auv > aIR. This is indeed the case for all the
models that we have analysed.
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One can obtain a simple analytic formula in the case of an electric type theory with Nf copies
of R E R representation and no superpotential. In this theory r = 1 - T(G)/2Nf T(R) for the Nf
quarks of the theory H. We consider a mass deformation of H which leaves NJ - n massless quarks
in the theory L. These quarks have r = 1 - T(G)/2(Nf - n)T(R). Substituting these charges in
the formula (2.31) we subtract with the result
9dimR T(G) 3 ( 1 1
128 T(R)2 N + (Nf - n)2
In the special case of interpolation between an ultraviolet free theory and an infrared non-trivial
conformal fixed point one can apply a more formal argument. In this case we consider the electric
theory above with added mass term for the n massive quarks. The unique S current of this new
theory is
Sp=R, 1 3T(G) yL '+1(1_ HK
Sy Ry+3 2(NJ - n)T(R) 3L KL 7 1-TH)
where the superscripts L and H indicate Konishi currents for the light and heavy quarks, respec-
tively. Thus 7*4 = 1 and rH = 1 so that the heavy quarks do not contribute to aIR = aL in (2.31).
For the light quarks -4 = 1 - 3T(G)/2(Nf - n)T(R) and rL = 1 - T(G)/2(Nf - n)T(R) which is
exactly the correct value in the low-energy theory of NJ - n flavors. Thus the S, current analysis
leads to the same value of aIR = aL used above.
9 Higgs deformations.
There are two qualitatively different types of Higgs deformations. The first is a deformation
along flat directions of the potential for the scalar fields. Under such a deformation one generically
breaks both the gauge and flavor symmetries. While the Goldstone bosons corresponding to the
gauge symmetry breaking are eaten by the Higgs mechanism, the Goldstone bosons of the flavor
symmetry breaking remain in the massless spectrum of the theory. Therefore these Goldstone
bosons (and their superpartners) have to be taken into account in the computation of the infrared
values of a, b and c of the resulting theory. It is implicitly assumed in the literature that these
Goldstone superfields decouple from other light fields of the low-energy theory and are free in the
infrared. We thus assign r = 2/3 to these fields.
In general the positivity of the flow auv - aIR under the Higgs deformations is nontrivial
evidence for the a-conjecture. In a simple situation of flow from the higgsed ultraviolet free theory
to an infrared conformal fixed point the positivity of auv - aIR follows from the following argument.
vLet us consider an asymptotically free theory T. Let us also consider an asymptotically free theory
T(1 ) which is a higgsed version of T along a flat direction and flows to a nontrivial conformal theory
in the infrared, CFT . We are going to argue that the flow auv(T(')) - a( > 0. We assume that
there are n Goldstone chiral superfields that decouple from the rest of the theory. It is convenient
to define another asymptotically free theory T(2) which is just the theory T(1 ) with all massive
fields dropped out plus n free chiral superfields. Let us assume that the interacting part of the
theory T(2) is also in its conformal window and flows to a nontrivial conformal theory CFT 2 , and
the a-conjecture is satisfied for this flow. We have CFT(1 ) - CFT E (n free chiral superfields).
Therefore instead of the flow T(1 ) -CFT+ one can consider the two step flow -+ T (2)E
(n free chiral superfields) -* CFTI (see Fig. 1).
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UV e (n free chiral superfields)
T CFT
Fig. 1. The diagram of flows under Higgs deformations.
Since the a-conjecture is trivially satisfied for the flow T l -+ TVE (n free chiral superfields)
we arrive at the conclusion that aUV(T(1 )) - a( > 0.
The second type of Higgs deformation is the magnetic counterpart of a mass term in the electric
theory. To be concrete we consider SU(Nc) SUSY QCD with electric quarks Q' and anti-quarks
Q9, where a = 1... Nc, and i = 1,..., Nf are color and flower indices, respectively. The magnetic
theory has G = SU(Nf - Nc) with quarks, anti-quarks and meson q , ' , and MJ. The mass
perturbation Wm = mQ Nf 'Q in the electric theory is mapped to W = mM Nf on the magnetic
side [25] so that flavor symmetry is broken explicitly to SU(Nf - 1). Analysis [25] of the magnetic
equations of motion shows that there is a Higgs effect with (qNf 4Nf) $ 0, so the gauge group
is broken to SU(Nf - Nc - 1). The spectrum contains massive fields plus the light fields of the
magnetic effective low energy theory with G = SU(NJ - Nc - 1) and Nf - 1 flavors. If this theory
is still in its conformal window, i.e. Nf - 1 > !N, then aIR can be computed from (2.28) with
the matter content and the gauge group of the low-energy theory.
As an example one may consider a special case of the flow from the higgsed ultraviolet free
theory to an infrared conformal fixed point. It should be no surprise that there is also a formal
argument (based on a consideration of a conserved S,, current) since the conserved R-current on the
electric side corresponds to a conserved current on the magnetic. One can verify that the magnetic
theory, with Wm = mMNf has a unique set of anomaly free R-charges. There is an elaborate
cancellation of the contributions of heavy fields to the U(1)R and U(1)3 anomalies, and only the
expected contributions from fields of the low energy effective theory remain.
e Deformations of superpotential.
One can also consider more general deformations of the superconformal theories by relevant
operators. A particular type of deformation is obtained by adding a relevant chiral gauge invariant
operator to the superpotential of a superconformal theory. As a result the deformed theory may
flow to another fixed point along the RG flow generated by the deformation. In all renormalizable
models that we studied the induced flow of a is positive but this is not true in non-renormalizable
models (see Sec. 2.5). Examples of interpolating flows are those between the k and k - 1 Kutasov-
Schwimmer models which are discussed in Sec. 2.4.
2.3 Accidental symmetries
In this section we explain the computation of the infrared values of a, b and c in the presence
of accidental symmetry. The appearance of accidental symmetry is associated with an apparent
violation of the unitarity bound r > 2/3 for a primary gauge invariant chiral composite field M.
The simplest hypothesis explored in the literature (for a review and discussion see ref. [24]) is that
this signals that the field M is actually decoupled from the interacting part of the theory, and
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becomes a free chiral superfield in the infrared [24].
On the other hand the R charge is equal to 2/3 for a free chiral superfield, which contradicts the
result of computation with the S, current. A plausible explanation is that there is an additional
anomaly free global U(1) generated by the spin-1 component J(M) of the composite superfield MM.
The field M is charged with respect to the current "M) but the other fields are not. In this case
the perturbative anomaly free S,, current can mix with the J(M) current under the RG flow because
the scaling dimension of the latter tends to the canonical dimension 3 of a conserved current. Thus
the infrared R current can be determined as an infrared limit of a linear combination
RIR = SP+ A, (2.32)
where A A J(M). The coefficient A is fixed by the condition that R = 2/3 for the field M.
Assuming that this picture is correct one can easily compute the infrared values of the central
functions a, b and c. In the notation of Sec. 2.1, one has to compute the three point correlators
(RRR)IR and (RTT)IR. Substituting the expression (2.32) for R,' into these correlators one has
(the subscript IR is omitted here)
(RRR) = (SSS) + 3(SSA) + 3(SAA) + (AAA), (RTT) = (STT) + (ATT). (2.33)
At this point we note that the correlators (SSA), (SAA), (AAA) and (ATT) are saturated by the
free chiral field M and hence they can be easily computed, i.e. we have
(SSA) = (SSA)free, (SAA) = (SAA)free, (AAA) = (AAA)free, (ATT) = (ATT)free.
Thus the correlators (RRR)IR and (RTT)IR can be rewritten as follows:
(RRR)IR =(SSS) + (RRR)free - (SSS)free,
(RTT) IR = (STT) + (RTT) free - (STT) free. (2.34)
As we explained in Sec. 2.1 the central charges aIR and CIR are just given by linear combinations
of the correlators (RRR)IR and (RTT)IR. We consider the case where there is one accidental U(1)
symmetry for the gauge invariant composite superfield M in an irreducible representation of the
flavor group of dimension dimM (more general cases can easily be handled). The corrected infrared
values of the central charges are
(0) +dimM
aIR = aIo 96 (2- 3rM)2 (5 - 3rm)
IR = dCIR 3 ( - 3rM)[(7 - 6rM)2 - 17]. (2.35)
Here we denoted by a and c the expressions for a and c given by equations (2.28), and rM
stands for the S charge of the chiral field M, specifically the sum of the S charges of its elementary
constituents. Since by assumption r < 2/3 it is easy to see that the correction to a is always positive.
The correction to c is positive at r < (7 - V'i75)/6 - .479 and negative at .479 ~ (7 - v/i 7d)/6 <
r < 2/3. In some models the accidental correction is required to make aIR and CIR positive, so the
sign is important.
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In general the formulas for the infrared values of flavor central functions should also be corrected
due to the presence of accidental symmetries. The general formula for the corrected b can be easily
obtained along the above lines and reads
bIR = b + 3 TT| rM - -IR
Here we denoted by bri the expression for bIR given in (2.28), Tj stands for the flavor generator
associated with b. The correction dim M (rM - 2/3) is always negative.
Deformations of conformal fixed points with accidental symmetry. In the following we test
various examples of superconformal models and flows between them. In particular we will consider
flows from superconformal models with accidental symmetries taken as an ultraviolet fixed point
to different infrared fixed points. Such a flow may be generated by appropriate deformation of
the ultraviolet theory with a relevant operator. It is important that the ultraviolet theory has
to be taken together with the free chiral fields generating the accidental symmetry. In fact the
deformation of the ultraviolet theory by a relevant operator generates a non-trivial coupling of
the interacting part of the UV theory to the accidental chiral superfields. This turns out to be
important for positivity of aUV - aIR.
2.4 Examples of models with uniquely defined S current and the flows
In this section we give detailed results for the models that we have analyzed. We mainly focus on
subtleties met in the computations of the infrared values of a and c.
2.4.1 Models with one type of irreducible representation
This class of models includes the SU(Nc) series, SO(Nc) series [25], Sp(2Nc) series [26], Pouliot
Spin(7) model [27], Distler-Karch models with exceptional groups [28].
* Seiberg's QCD with G = SU(Nc), SO(Nc) with Nf, and Sp(2Nc) with 2Nf fundamentals.
Conformal windows are 3Nc/2 < N (SU) < 3Nc, 3(Nc -2)/2 < Nf (SO) < 3(Nc -2), 3(Nc+1)/2 <
Nf(Sp) < 3(Nc + 1). There are no accidental symmetries. Since all R charges obey r ; 5/3
we always have Aa = auv - aIR > 0 for the flows from the free ultraviolet to conformal fixed
points. The results of our computations are given Table 1. It should be noted that all flows vanish
quadratically in the respective weakly coupled limits of electric and magnetic theories. This agrees
with the discussion of the perturbative limit at the end of Sec.2.1.
Table 1. Flows from UV free theories to Seiberg's conformal QCD.
Gauge group auv - aIR in electric theory auv - aIR in magnetic theory
SU(Nc) ( (2+ N) 1 (1 - 3N ) (3N2 + 4NcNf + 3Nj)
SO(Nc) Ne(-6+2Nf +3Nc)(6+Nf -3Nc) 2  NC(-6-2Nf +3N) 2 (3N 6Nc+4NNf+3N2)96N 2  96N 2
Sp(2N) (-3+Nf -3Nc) 2 NC(3+2Nf +3Nc) (3-2Nf +3Nc) 2 (3N +3Nc+4NcNf +3N2)
c 24N 2  24N 2
The models considered below have non-renormalizable magnetic versions. Therefore we discuss
only the electric versions that are renormalizable. The results of our computations are given in
Table 2. Aspects of the RG flows of non-renormalizable theories are considered in the next section.
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e Spin(7) Pouliot model with Nf spinors 8, Qj. Conformal window: 7 < Nf < 14. We have in
the infrared r IR = 1 - 5/Nf. There is an accidental symmetry at Nf = 7 due to decoupled QQ
singlet. In Table 2 we separated the accidental corrections to aIR and CIR from the regular ones.
Note that the correction to CIR turns out to be negative.
* G2 with Nj 7. Conformal window: 6 < Nj < 11. We have R R = 1 - 4/N 1 . The accidental
symmetry point appears at Nj = 6 where QQ has r = 2/3 and hence it is free. Therefore there are
no accidental corrections to the central charges.
" E 7 Distler-Karch model: 4 fundamentals 56, Qi; rQ = 1/4.
* E 6 Distler-Karch model (I): 6 fundamentals 27, Qi; rQ = 1/3.
" E 6 Distler-Karch model (II): 3 x (27 + 27) fundamentals Qj; rQ = 1/3.
" F4 Distler-Karch model: 5 fundamentals 26, Qi; rQ = 2/5.
" F4 Distler-Karch model: 4 fundamentals 26, Qi; rQ = 1/4. There is an accidental symmetry
associated with decoupling of meson fields Mij = QiQj. In Table 2 we separated the accidental
corrections to aIR and CIR from the regular ones. Again the correction to CIR turns out to be
negative.
* Spin(8) Distler-Karch model: 4 x (8, + 8, + 8,) fundamentals Q; rQ = 1/2.
Table 2. The infrared a and c charges, and flows from the ultraviolet free theory to conformal
fixed points.
electric theory,
Model aIR CIR a - aIR
Spin(7) with N1 > 7 spinors 8 123 112 71 1125
no accidental symmetry > 0 > 0 (I - (2 +-15
Spin(7) with Nf = 7 spinors 8 1527 23 4903 1229 13 3505 3551
accidental symmetry 784 1682352 392 84 1176 1176
G 2 with 7 < N1 < 11 in 7 21126 49126 7N (i 2 +
no accidental symmetry 48 > 0 N - > 0  N1 - 1
E 7 with 4 fundamentals 56 903 1043 2975
E6 with 6 fundamentals in 27 105 274 8 4
E 6 with matter in 3 x (27 + ) 45 105 274 8 4
F 4 with Nj = 5 in 26 1833 1079 24720100 75___ __ _
F4 with jf = 4 in 26 1209 +7 -3739 1625 1 -4859 5413
accidental symty256 4 8 -768- 2-56 8 -7768 768____________idnasymmetry2676
Spin(8) with matter in
4 x (8v +88c +8s) 5 6
2.4.2 Deformations
e Deformations of SU(Nc), SO(Nc) and Sp(2Nc) Seiberg QCD models. Higgsing of the Seiberg
superconformal models corresponds to Nc, Nj -+ N' = N, - 1, N' = N1 - 1. The infrared theory
has 2(Nf - 1) decoupled Goldstone gauge singlets for SU(N) and Sp(2Nc) models and Nj - 1 for
SO(Nc).
1. Consider first the SU(Nc) theory. In the region 3Nc/2 < N < 3Nc - 3 both the ultraviolet
and infrared theories are in their conformal windows and we have
Aa= 1-Nj + 3(2Nc-1) _ 9Nc4 9 (Nc -1) 4 >0.
24 8 16 N2 16 (N -1)2
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In the cases Nf = 3N, - 1, 3N, - 2 the infrared theory is free since N = 3N' + 1 and N, = 3N'
respectively. The infrared value aIr is then computed using r = 2/3 for all chiral superfields of the
low-energy N,, N' theory and the Goldstone fields. The results are
a= -9 + 76Ne - 210 N2 + 180Nc >0, and Aa (-2 + 5Nc) (6 - 19Nc + 12 N2)
48 (-1 + 3N,)2  16 (-2 + 3Nc) 2
2. Consider the SO(Nc) theory. In the region 3(N. - 2)/2 < NJ < 3N, - 8 both the ultraviolet
and infrared theories are at their conformal fixed points and we have
Aa- = 4 + 3[ 2Nf + 8 (Nf - Nc + 2 ) - 9  N N ) (-I Nf - Nc + 2) 2 ±48 32 1 Nf NJ - 1)
3 ( - (N - Nc + 2)] > 0
Nf2 (NJ - 1)2
In the cases of Nf = 3Ne - 7, 3Nc - 8 (in the latter case we limit ourselves to N. > 4 for the
ultraviolet theory to be in the conformal window) the infrared theory is free so that respectively
A a -882 + 1756Ne - 1011 N2 + 180 N >, -A19 2 + 3 72 Nc - 19 3 N + 3 0 N3
96 (-7 + 3Nc)2  16 (-8 + 3Nc)2
3. Consider the Sp(2Nc) theory. In the region 3(N. + 1)/2 < N < 3N, + 1 both the ultraviolet
and infrared theories are at their conformal fixed points and we have
A a = + [6(3 - 4Nf) + 96(Nf - Nc - 1) - 108 Nc+1 N ) (Nf - NC - 1) 2+24 32 N ( ~ NJ - 1)
36 (Nc+ 1 N- (Nf - NC - 1)3] > 0.
Nf ( Nf 3
In the cases of N1 = 3Nc + 1, 3Nc + 2 the infrared theory is free so that respectively
Aa= -3 - 16Nc + 41 Nc + 138N > and Aa= -28 + 86Nc + 471 N2 + 414 N3
16 (1 + 3Nc)2  48 (2 + 3Nc) 2
The mass deformations obviously respect the a-conjecture because Oa/0Nf > 0 in all cases (see
explicit computation in Sec. 2.2).
* Deformations of Spin(7) Pouliot model.
First consider the higgsing of the Spin(7) Pouliot model with 7 < Nf K 14 fundamentals to the
G2 model with Nf - 1 fundamentals and N1 - 1 Goldstone superfields.
In the region 8 < Nf < 14 there are no accidental symmetries either in the ultraviolet or in the
infrared. Thus we have r v = I - 5/Nf, r4 R = 1 - 4/(Nf - 1) and rIR = 2/3. The flow is
Aa= 1
A 144N2(Nf - 1)2 (13500 - 27000Nf + 7523Nf - 141NY + 69NJ + Nf) > 0.
Note that for N1 = 13, 14 the infrared G2 theory is free. In this case we have
378189Aa (NJ = 13) = 2704 Aa (N = 14) = 859
2704 588'
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For Nf = 7 the UV theory has an accidental symmetry. One has
- 1945
2352
Mass deformations. By giving a mass to one of the flavors one can generate the flow Nf -+ Nf -1.
Obviously, auv - aIR = a (Nf) - a (Nf - 1) > 0.
9 The results of computations for the flows induced by Higgsing of Distler-Karch superconformal
models are given in Table 3.
Table 3. Higgs deformations of Distler-Karch models.
Higgsing F4 - Spin(8) E6 - F4 E7 -> E6
2623 2377 175
aUV - aIR 300 1200 64
e Mass deformation of F4 model [28]. By giving a mass to one of flavors the theory with Nf = 5
is driven to a new conformal fixed point with Nf = 4 flavors Qi and rQ = 1/4. The theory has an
accidental symmetry associated with decoupling of the 16 mesons Mij = QiQj, rM = 2/3. For the
flow from Nf = 5 to Nf = 4 we have
Aa = 85693
19200
2.4.3 Models with two types of irreps with uniquely determined S current
This set of models includes those given in refs. [18] for SU, [19] for SO and Sp gauge groups. We
discuss in detail only the SU Kutasov-Schwimmer models and the Pouliot Spin(7) model with Nc+4
flavors in 8 and singlets [27]. For these models we discuss also various flows between conformal
fixed points.
e Consider the Kutasov-Schwimmer model [18] with the SU(N) gauge group, Nf flavors of
quarks, Q and Q in the fundamental, and a chiral superfield X in the adjoint representation. The
superpotential is W = Xk+l. The R-charges are given in Table 4.
Table 4. Matter content of Kutasov-Schwimmer models.
SU(Nc) SU(Nf)Q SU(Nf)Q U(1)RQ l 1 2N,Q i 
___-(k+l)Nf
Q E E 1- 2Nc11 IILI~1 (k+1)Nf
X adj 2
The theory has a dual with gauge group SU(kNf - Nc), with Nf flavors of (E] + 0), an adjoint
and gauge singlets. The conformal window is presumed to be the region in Nf, N, where both the
electric and magnetic theories are asymptotically free,
2Ne2N_< Nf < 2Nc.
2k - 1
There is an accidental symmetry in the range
2Nc _ j<3Ne
2k - 1 -k + 1'
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where it corresponds to QXiQ out of the unitary region for one or more values of j. This accidental
symmetry may appear in the conformal window for any k > 2 (and sufficiently large N,). In
particular, for k = 2 it appears for NJ Nc, and for k = 3 it appears for Nf < 3Nc/4.
The only explicitly renormalizable Kutasov-Schwimmer model corresponds to k = 2, and it is
studied below. The k = 3 theory can be made renormalizable in part of its conformal window, and
this is discussed in Sec. 2.5.
In the case of absence of the accidental symmetry we may use eqs. (2.28). We have
9 2 3 16 Ng 2N2 +1
aIR = -- 13 + 1) (N2 _ 1) _ 6 N42c + ,132 k + 1 (k + 1) 3 2 3 k+1
9 2 3 16 N4 10N +11CIR= - +- ( _ 1) _ c + ,32 k+ 1 (k +1)3N2 9 k+1
9 2 N _ 16 Ng 2Nc+1 4Nf NeLa= ((+-1) + (N2) _N + - (2.36)32 k+1 27 k±(k+1)3Nf 3 +1 27
It is obvious that Aa > 0 in the conformal window since for all chiral fields rIR < 5/3.
At k = 2 we have
Ne 2NcAa= (1c (Nc+Nf);>0.
24 Nf
Note also that the first two equations in (2.36) agree with the results for Seiberg's QCD at k = 1.
We now consider the contribution of the accidental symmetry. We concentrate on the renor-
malizable case, k = 2. In the region 2Nc/3 < Nf < Nc, the meson operator M = QQ has
rM = 2(1 - 2Nc/3Nf) < 2/3, so there is an accidental correction to CIR and aIR (2.36). First we
note that for large Nc and Nf 1  2Nc/3, the previous formulae (2.36) for the k = 2 central charges
without accidental contributions give
(0) 1 (0) 1 N2
cIR aIR = 4 NC
and are negative. This is not surprising since the theory is effectively nonunitary if the decoupling
of the meson field is not taken into account. Positivity is restored by the accidental contribution,
and this is an interesting check on the entire hypothesis of accidental symmetry. The sum of (2.36)
and the accidental correction (2.35) are
3 N 7N2 2NC N >
16 6 6N~ 6 N NaIR=--- +NI - +3 -N >O,
1 N 11N 1 Nc 9N2 2N 3  N 4
CIR -1 8 + 3NC 6 N_ > 0. (2.37)
8IR 2-12 + 3Nf 6 N2
We note that intrinsically positive accidental corrections to aIR decrease aUV - aIR and thus tend
to threaten the a-conjecture. Nevertheless we find that with the accidental contribution included
211N N4 2N3 23N 1 Ne N+ (2.38)Aa _ + 1 N + >0. (2.38)8 6Nf 3Nf 24 6 -
28
The contribution of the accidental symmetry to b is always negative. However, we find that all
positivity conditions, including b > 0, are satisfied for Nf, N, in the accidental window. For
example, for the central charge of the SU(Nf)Q current we find for k = 2
bIR = 4 (2N- 2N N + N) > 0. (2.39)
3Nf N A C(.9
9 Deformations of Kutasov-Schwimmer superconformal models.
i. Consider now the k -+ k - 1 interpolation.
The simplest case is to consider W = TrXk+1 + TrXk with (X) = 0 and unbroken gauge group
[18].
As mentioned above our approach is not expected to work for k > 3 where there is no renor-
malizable description of the theory. For k = 3 and Ne > Nf there is a renormalizable description
that will be discussed in the next section. Here we just note that in this region in the absence
of accidental symmetries the central charges are given by eqs. (2.36) at k = 3. In particular at
N, = Nf > 3 (the only point in the renormalizable conformal window with no accidental symmetry)
and for the flow k = 3 -+ k = 2 we have
7 43 N2
Aa= 7+ >0.
768 768
At Nc = 2 the k = 2 Kutasov-Schwimmer model is not defined since TrX 3 = 0. Instead one can
consider the flow from the k = 3 Nf = 2 fixed point in the ultraviolet to k = 1, i.e to Seiberg's
SU(2) SUSY QCD with Nf = 2 flavors. This infrared theory is confining and the flat directions are
lifted due to non-perturbative quantum corrections [29]. As a result the SU(4) global symmetry
is broken to Sp(4). The infrared low-energy theory is described by 5 free chiral superfields with
r = 2/3. Thus we have
451
768
Accidental symmetry. Consider first the k = 3 -+ k = 2 flow with an accidental symmetry (QQ)
in the IR and none in the UV. This corresponds to 3N,/4 < Nf < Nc. We have
3 N2 1121 N2 2 N3 37 N4Aa=- + -NfNe+ - + 2 > 0.
256 6 768 3Nf 384 NJ
In the region 2Nc/3 < Nf < 3Nc/4 there is an accidental symmetry (QQ) in both the IR and UV,
and the above expression has to be corrected. Obviously, Aa > 0 since the accidental contribution
to the UV theory is positive.
For NJ < 2Ne/3 the infrared theory is the free magnetic k = 2 theory [18] (again we must
consider N, > 3). The value of aIR can be computed by assigning r = 2/3 to all chiral superfields
of the magnetic theory. In the region 6Nc/11 < Nf < 2Nc/3 the ultraviolet theory has only one
accidental symmetry (QQ) and we have
51 211N2 5NJ_ 3NfNe NIN 291N 2  5N2 N 2  9N3 9N 4
Aa= - + 1 + + + > _ N _ _ 2>0.256 1152 288 4 64 256 1152 32Nf 128 Nf
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For NJ < 6Nc/11 there is an additional accidental symmetry (QXQ) so that auv increases and
again Aa > 0.
Consider the k = 2 -+ k = 1 flow. The infrared theory is just Seiberg's QCD in the conformal
phase. There is no accidental symmetry in the physical window in the IR, for Nf > N. In the
region Nf > 3N,/2 the IR theory is at the conformal fixed point we have
1 N2 19 N4Aa=--- C+ C >0.48 24 48 N2  0f
For Nf < 3N,/2 the IR theory is free. By using the magnetic description of Seiberg's QCD to
compute aIR we get
7 1 N 2 5 Nf N 2Aa= 2 + N f >0.
48 48 NC 6 Nf 12Ne 4N2
ii. Higgsing by (X) $ 0.
We now consider the non-trivial stationary point of the deformed superpotential [18] that cor-
responds to the breaking SU(N) - SU(Nc - 1) x U(1). Consider Nc -+ Nc - 1 and k --+ k - 1,
k - 2 and k = 2,3.
- The flow k = 2 -+ k = 1, Nc - Nc - 1 (Nc > 3). The infrared theory is Seiberg's QCD (plus
2Nf free chiral superfields) so that we have to consider only Nc < Nf < 2N. At N, < Nf < 3Nc/2
the infrared theory is confining and can be described by the free magnetic theory with r = 2/3 for
all chiral superfields. In this case we have
19 11Nf N+ 3N 5N N+ 7NC N248 24 4 8 12 48 6N2>O
At 3Nc/2 < NJ < 2N. the infrared theory is in the non-Abelian Coulomb phase (plus 2N free
chiral superfields) and we have
7 9 Nf 3Nc 9Ne N 27NZ _ 9NC 19N >
12 16N2 24 4 4N2 24 8N2 4N 2 +48N 2 >0.f f f f
- The flow k = 3 -+ k = 2, Nc -+ Nc - 1 (Nc > 4). The infrared theory is in its non-Abelian
Coulomb phase. If Nc = Nf then there are no accidental symmetries either in the UV or IR. Thus
we have
125 1 2 Nc 43 N2
256 6 N2  3Nc 24 768>0.
In the region 3NC/4 < Nf < Ne there is an accidental symmetry in the IR and none in the UV. We
have
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253 1 2 23Nj N - 7N, 2Nc 2NCNN+ 1121 N2 +N 2 +2 256 + Nf 3Nj 24 6 3 3 Nf Nf C 768 Nf
2 N2 2 N3 2 N3 37N 4
2 L + ' > 0Nf 3 Nf 3Nj 384 N >
In the region 2Nc/5 < Nf < 3NC/4 both the UV and JR theories have accidental symmetries so
that both auv and aIR increase. This accidental contribution in the UV is crucial for Aa > 0 in
this region.
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- The flow k = 3 -+ k = 1, N, = 3. We have to consider Nf = 2,3. In both cases the infrared
theory is Seiberg's SU(2) QCD with NJ flavors in the confining phase. At Nf = 2 the infrared
theory contains just 5 free chiral superfields with r = 2/3. The UV theory has an accidental
symmetry (QQ). Thus we have
1453
1536
At Nf = 3 the infrared theory is described by nine free mesons and two baryons (r = 2/3), and
605
384
- The flow k = 3 -+ k = 1, N, = 2. We have to consider Nf = 2. The infrared theory is a U(1)
gauge theory with 2 flavors, which is infrared free. We have
323
da = 
.768
iii. Higgsing along flat directions.
One can change N, -+ Nc -1 and Nf -+ Nf -1 by turning on (QNf) = (Nf ) 5 0. One can show
for sufficiently large k which correspond to non-renormalizable models the a-conjecture is violated
due to the negative contribution of Goldstone superfields. However Aa > 0 in the renormalizable
cases k < 3. This is the first observed problem with the a-conjecture and we discuss it in Sec. 2.5
after further study of non-renormalizable cases.
iv. Massive deformations.
By adding a mass term to one of the flavors one can reduce N -+ NJ - 1. This obviously gives
Aa > 0 since Da/&Nf < 0.
9 Spin(7) Pouliot model with Nc + 4 spinors 8, qi, with rq = 1 - 5/(Nc + 4), singlets Mis with
rM = 10/(Nc + 4). There is a superpotential Mqq. We have
-398 + 87 Nc + 74 Nc + 38 N - N _ 3( -308 + 42 Nc + 44 N2 + 23 NJ - N)
= 16 (4 + Nc) 2  32 (4 + Nc) 2
For the flow from the ultraviolet free theory to the conformal fixed point we have
Aa= (-11 + Nc) 2 (42 + 23 N, + 5 Nc2
48 (4 + NC) 2
Higgs deformation of the model: one can check that Aa > 0 under the flow Nc -+ Nc - 1 in the
conformal window (Nc < 10).
2.5 Nonrenormalizable Kutasov-Schwimmer Models
In this section we shall study flows of central charges in models which are non-renormalizable
as fundamental theories with Kutasov-Schwimmer models for k > 3 as examples. It is open to
question whether our method is correct for non-renormalizable theories, but we analyze the data
first and then discuss the situation. To simplify the presentation we shall restrict to large Nc and
set N1 = xNc, and we shall take k < 5 and 3Nc/(k + 1) < NJ < 2Nc to avoid complications of
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accidental symmetry. The upper limit is the naive asymptotic freedom condition. Many more cases
were actually studied with results in the same pattern we report here.
In the large Nc, Nf region the value of aIR in (2.36) for the case W = Tr Xk+1 is
a(k + 1) = 9N 1 + (1 2 )3 16 (2.40)32 + 3(k + 1) k + 1 (k + 1)3x 2j
which is positive in the region indicated above. The S-current method by which this value is
computed implicitly assumes that there is a free ultraviolet fixed point and that the S,, current is
well defined along the RG flow. If we make this assumption then the a-conjecture is satisfied for
the flow from this fixed point since r < 5/3 for both adjoint and fundamentals.
We can also test the a-conjecture for flows which interpolate between non-trivial fixed points in
the Kutasov-Schwimmer series. Indeed, evidence was given in [18, 30] that in the perturbed theory
with W TrXk+l + TrXk, there are flows from the (k + 1)-fixed point theory in the UV (where
TrXk is an irrelevant operator) to the k-fixed point theory in the IR (where TrXk+l is irrelevant).
Therefore the differences a(k + 1) - a(k) provide further tests of the theorem in the new situation of
interacting critical theories at both ends of the flow. The differences and their signs are as follows:
9N2 F1.407 3
a(3) - a(2) = C -. 148+ 2 > 0, - < x < 2;
32 X2 2
9N 2 - .3421
a(4) - a(3) = 2 c -. 143+ 2J<0, 1.546 < x < 232 . X
> 0, 1 < x < 1.546;
92 - 122]<0
a(5) -a(4) = c -. 125+ 2<0, .988 < x < 2
32 . X
> 0, .75 < x < .988;
9N 2  .0541
a(6) a(5) = 3  -. 102+ 21<0, .728 < x < 232 X.
> 0, .6 < x < .728. (2.41)
We thus observe additional violations of the a-conjecture, which occur in the 3 non-renormalizable
cases above for x in the upper part of its allowed range. We will discuss this below, but let us
digress briefly to discuss a special property of the W = TrX 4 theory, which will strengthen our
inference that failure of the a-conjecture is due to non-renormalizability.
We consider a theory whose field content is that of the Kutasov-Schwimmer model with an extra
chiral superfield YX in the reducible adj E 1 representation of the gauge group. The superpotential
is W = -TrY 2 +2Tr(YX 2 ). The field Y is massive and may be integrated out to give Weff = TrX 4 .
Thus the new theory is equivalent to the W = TrX 4 Kutasov-Schwimmer theory in the infrared,
and is renormalizable, asymptotically free and without accidental symmetry in the reduced range
3N,/4 < Nf < Nc. In the presence of the new chiral superfield Y the value of aUV changes so that
for the flow from the ultraviolet free fixed point to the infrared we have
Aa= -NfNc + 9 Ng >0.768 24 768 128 N2f
The computation above for a(4) - a(3) was valid only for x > 1 because we did not include
accidental contributions. However we can now add the previously computed contribution to a(3)
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namely Aa(3) = N2(1 - x) 2(4 - x)/6x (which should be multiplied by a step function 0(1 - x)).
The new result for the flow of a, namely a(4) - a(3) - Aa(3) is now valid for .75N, < Nf < Ne
and is positive in this range. So the observed violation above occurs only in the non-renormalizable
region.
We must consider the question whether one can expect the a-conjecture to hold for non-
renormalizable theories. In two dimensions, Zamolodchikov assumed Wilsonian renormalizability
in his proof of the two-dimensional c-theorem. The structure of the theory above some large cutoff
A was not relevant to his demonstration that the C-function C(g(p)) is monotonically decreasing
toward the infrared below this scale. In the approach of Cappelli, Friedan and Latorre [7] the
ultraviolet central charge cUv is expressed as an integral over a Lehmann weight function, and the
integral diverges in a (power-counting) non-renormalizable two-dimensional theory. The well known
Cardy sum rule cuv - CIR ~ f d2 x x2(O(x)0(0)) also diverges. It is entirely possible that in future
work an A-function can be identified and monotonicity proven without assumptions concerning the
ultraviolet behavior. However, at present we have theoretical control of the Euler anomaly coeffi-
cient only at fixed points, and one must expect that this control is lost in the ultraviolet limit of a
non-renormalizable theory. One possible technical reason is a problem with the S-current method
we have used. The S-current can be viewed as the solution of the operator mixing problem for the
current Rl. In a renormalizable theory it can mix only with a flavor singlet combination of Konishi
currents, but in a non-renormalizable theory there are an infinite number of possibilities.
2.6 Theories with additional global U(1) symmetries
In theories with anomaly-free global U(1)F symmetries the R-symmetry is not unique and we a
priori do not know which R-symmetry participates in the superconformal algebra of the infrared
theory. As a result we cannot determine aIR, bIR and CIR by the procedure described above. For
simplicity we assume that there is a single U(1)F symmetry. In this situation the anomaly free
R-current is not unique, and there is a one parameter ambiguity in the choice of constants yi in the
anomaly-free So, and SP currents of (2.19) and (2.21). We choose any member of this one-parameter
family as a particular R-symmetry with current 3". This corresponds to a particular assignment
of R-charges Ti = (2 + 7yi)/3 for chiral superfields W, each of which has a unique flavor charge
qi. The most general R-current is then SP = 5 - vJ where v is a real parameter and J1' is the
flavor current, and the R-charges for this current are ri(v) = Ti - vqi. For one particular value of v
this S-current is in the same multiplet as the stress tensor at the IR fixed point, but it is usually
possible to determine v only near the weakly coupled end of the conformal window, where the RG
flow is perturbative.
We can compute the anomaly coefficients aIR(v), bIR(v), CIR(v) as functions of v from (2.28)
and use the various positivity conditions to constrain the value of v. A weak check of the a-
conjecture and conformality is then provided by the constraint that there exist a region in v for
which all of the positivity conditions are satisfied. Conversely, these positivity conditions constrain
the scaling dimensions of operators at the fixed point. Furthermore, the physically allowed value of
v is restricted by the assumption that all chiral composite fields have r(v) > 2/3 so that unitarity
is satisfied without accidental symmetry.
We now illustrate this procedure for the Sp(2Nc) gauge theories with 2Nf fundamentals and one
two-index symmetric tensor, previously studied in [31], where evidence for a non-Abelian Coulomb
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phase was given in the conformal window 0 < Nf < 2N, + 2. The charges of the fields under the
global symmetries are given below, with a simple choice for the anomaly-free S-symmetry,
Sp(2Nc) SU(2Nf)U(1)F U(1)
S m 1 -1 0
Q D + 1Nf
As discussed above the value of v is constrained by unitarity. For this model Q2 and S 2 must have
scaling dimension greater than one, or R-charge greater than 2/3. This requires v to lie in the
range
1 < V < , (2.42)
3 3(Nc + 1)'
and also determines the lower limit on Nf in
N2+1 < Nf < 2(Nc + 1), (2.43)2
where the upper bound is from asymptotic freedom. Equations (2.42) and (2.43) determine the
triangular "physical region" of the two parameters Nf and v. It is actually expected [31] that
v exits from the triangular physical region below some value of Nf. In this case an accidental
symmetry is required, and our analysis is valid only above this value of Nf. In the v - Nf plane we
plot the curves cIR(v, Nf) = 0 and aIR(v, Nf) = 0 for various values of Nc. The results, shown in
Figs. 1-3, indicate that positivity CIR > 0 and aIR > 0 holds in the entire physical region. Further,
the flow aUv - aIR and the value of bIR for both SU(Nf) and U(1)F central charges is positive in
the entire region shown. Thus there is no constraint on the parameter v from any of the positivity
conditions studied.
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Fig. 2. Positivity conditions are satisfied below the c = 0 and a = 0 curves,
which includes the entire physical region. The short dashed line is the weak
coupling limit of v from (2.46). Results are shown for various Nc. The flow
aUv - aIR and bIR are positive everywhere in the graphs.
Near the edge of the conformal window, i.e. near the upper bound for Nf, we can determine
the scaling dimensions of operators perturbatively, hence determining the correct R-current order
by order in the gauge coupling at the fixed point, a,. The anomalous dimensions for the operators
Q2 and S 2 are, near the point Nf /(Nc + 1) ~ 2 [15, 31],
YS2 = - (NC + 1) + 0(a)
(2.44)
Defining E = 2 - Nf /(Nc + 1), vanishing of the beta function, / oc 4(Nc + 1) - 2Nf + 2(Nc + l)Ys2 +
2Nf'yQ2, to order e determines the gauge coupling and anomalous dimensions,
- 7s2 = * (Nc + 1) = -+ 0( 2 ).7r 2
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Since the scaling dimensions are proportional to the R-charges, this fixes v to be
S= - (1 + --- = - 2 - -. (2.46)3 2 3 6
At the point Nf = 2(Nc + 1), auv - aIR = 0. This point is a local minimum as a function of
Nf and v, so the flow is necessarily positive as v moves away from the free field value. In fact, the
perturbative analysis is certain to preserve positivity since bIR, CR and aIr are large and positive
near the free point.
2.7 Conclusions of Chapter 2
Let us summarize the conclusions of this chapter. There are rigorous positivity constraints on
the flavor current and Weyl 2 trace anomaly coefficients in any renormalizable four-dimensional
theory which flows from a conformal theory in the UV to another in the IR. These constraints
arise because the fixed-point values of the anomaly coefficients coincide with central charges of
the conformal algebra at the fixed point, and the central charges must be positive by unitarity.
This part of the argument was first presented in [3]. There are additional conjectured positivity
conditions [16] on the Euler anomaly coefficient a(g(p)) and on its flow [6] from the UV to the IR.
In particular the only viable candidate for a universal c-theorem in four dimensions seems to be
the inequality aUV - aIR > 0. There is no proof of this result, so it is important to test it in models
where both the UV and IR behavior are known. It is fortunate that many such models are now
known from the study of N = 1 Seiberg duality. Because of asymptotic freedom the UV values
of the anomaly coefficients can be simply obtained from lowest order 1-loop graphs, but the IR
values are more difficult because the coupling is strong at long distance. It was first shown in [4]
that the IR values can be easily computed from the U(1)RFF, U(1)R, and U(1)3 anomalies which
are usually calculated to establish the IR equivalence of the electric and magnetic duals. This is
possible because of the close relation between the trace anomaly and the anomalous divergence of
the U(1)R current in global and local supersymmetry. Results [4] of tests of the positivity conditions
in the SU(N) series of SUSY gauge theories showed that all conditions were satisfied throughout
the conformal window, and that other possible c-theorem candidates could be ruled out.
The major purpose of this chapter was to test the positivity constraints in many more models.
For this purpose we developed general formulae (2.28) for the infrared anomaly coefficients in
terms of the anomaly free R-charges. In models where the non-anomalous R-charges are unique,
a precise test of the positivity conditions can be carried out with little difficulty, and this has
been done for the rigorous conditions bIR > 0 and CIR > 0 for flavor and Weyl 2 anomalies, as
well as the a-conjecture itself and the associated condition aIR > 0. In many cases positivity can
be established from rather weak sufficient conditions, but a closer analysis is required for models
with accidental symmetry and for flows between interacting fixed points generated by a relevant
perturbation or Higgs deformations of the UV fixed point theory. All conditions are satisfied in
the large number of renormalizable theories we have studied, but there are counterexamples for
interpolating flows in non-renormalizable theories where auv - aIR can have either sign. There
is considerably less theoretical control in non-renormalizable cases and, even in two dimensions,
tests of the c-theorem which involve the ultraviolet limit of a power-counting non-renormalizable
theory seem to be problematic. Provisionally, then, we believe that the cases of negative flows in
non-renormalizable should not be viewed as ruling out a universal a-conjecture.
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The assignment of R-charges in theories conjectured to be in the non-Abelian Coulomb phase
is important for the understanding of infrared dynamics because the N=1 superconformal algebra
necessarily includes the generator of U(1)R transformations. This assignment is not guaranteed to
satisfy the rigorous positivity conditions, and the fact that these are satisfied is a broad consistency
check of N = 1 duality. The fact that aIR > 0 and auv - aIR > 0 in all renoromalizable models is
very strong evidence that there is a universal a-conjecture, and that the RG flow is irreversible in
four-dimensional supersymmetric theories, and perhaps more. We hope that this empirical result
might stimulate a successful theoretical proof.
It is worth noting that the present approach is not immediately applicable to some supercon-
formal models with K = 2 [32]-[37] and N = 1 [38]. It would be interesting to extend the present
method to these cases. Note that an approach to the computation of the flavor bIR in the M = 2
theories has been recently suggested in [39].
Appendix 2A: Tests of a possible b-theorem
We present here tests of the inequality buv - bIR > 0 for the flow of flavor current central charges
in the situations i-iv for which previous tests of the a-conjecture were discussed in Sec. 2.1.
(i) Let us assume (as was done in [6]) that SU(Nc) QCD is realized in a confined phase with
chiral symmetry breaking, so the massless spectrum consists of N2 - 1 Goldstone bosons
which decouple in the long distance limit. For the baryon number current one clearly has
bUV - bIR > 0 since there are no massless baryons. For a current of the vectorial SU(Nf)
flavor group, on the other hand, we find bUV oc 4N, and bIR oc Nf with a common constant
of proportionality. Thus bUV - bIR changes sign within the region of asymptotic freedom. Of
course this could just mean that the conjectured Goldstone realization fails for 4N, < Nf <
11Nc/2.
(ii) To investigate the b-theorem for large Nc, Nf we can make use of the well known QED /3-
function. Up to two-loop order it is given by 3QED(a) = 2a2 + a'. The graphs for the
flavor current correlator in QCD are obtained from the identical QED graphs (see Fig. 3)
by replacing the U(1) coupling by the SU(Nf) flavor matrix TA/2 at each external vertex
and by the gauge coupling matrix gta/2, where ta is an SU(Nc) color matrix at each internal
vertex. The point is that these replacements preserve the relative positive sign between the
one and two-loop contributions.
±: 11C + <; >±
Fig 3. The graphs for the flavor current correlator.
The current correlator then takes the form
(JA)JA)) Tr - A)[NC+pg*2](JX )J"' (W)) (E16PV -09a) X4 [c+p*](2. A. 1)
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where p is a positive constant and the fixed point value of the coupling is = 22N -4Nf4r 75N,2
The same is true for the correlator of baryon number currents. Thus bUV - bIR ~ [N, -
(NC + pg*2 )] < 0.
(iii) One may also test a possible b-theorem in the free magnetic phase of SU(Nc) SUSY QCD
as follows. In the ultraviolet we compute bUy from the free field (RA J"JP) correlator in the
electric theory. The infrared value bIR is obtained from a similar free field computation in
the magnetic theory. The difference is
1 [2 Nc2 Nf 2Nf Nbuy - bIR = E- 2N Nc 2= N [Nf - 2Nc], (2.A.2)
3 Nf - N= Nf -Ne
which is negative in the entire free magnetic region. Hence the b-theorem fails again.
(iv) In the entire conformal window 3Nc/2 < Nf < 3Nc of SU(Nc) supersymmetric QCD, it is
known [4] that bUy - bIR < 0 in both electric and magnetic theories for the baryon number
central charge. We present here a more general computation for an electric type theory with
Nf copies of (R E R), and we include a mass deformation, making n flavors massive. For
a current of the low energy SU(Nf - n) flavor group, we have, using Tr (TA) 2 = 1/2, the
central charges bUy = dim R at the free UV point, and
bn = 3dimR T(G)
2(Nf - n) T(R)
for the interacting fixed point theory with Nf - n massless flavors. One can then see that
asymptotic freedom implies bUV - b, < 0 so the b-theorem fails for a flow from the free UV
fixed point to any of the IR fixed point theories. Furthermore bn1 - bn 2 < 0 if ni < n 2 , so
the flow between any pair of fixed point theories in which the number of massless quarks
decreases also violates a b-theorem. At this point one might think that an anti-b-theorem
holds in supersymmetric theories. However this is not the case for Higgs deformations. To see
this we consider the basic Higgs deformation of the SU(Nc), SU(Nf) theory, leading to the
SU(Nc-1), SU(Nf -1) IR theory plus 2(Nf -1) decoupled Goldstone fields. For an SU(Nf -1)
flavor current we have bUy = Nc at the free UV point, while bR = 3(Nc - 1) 2 /(Nf - 1) + 1
in the Higgsed low energy theory. The contribution +1 comes from Goldstone fields. One
sees quite easily that bUV - bR can have either sign in the conformal window, and the same
is true for the flow from the SU(N), SU(Nf) fixed point to that of the Higgsed theory.
The conclusion of this appendix is that the flow of flavor central charges does not have a
recognizable universal property.
3 Seiberg-Witten Curves in V = 1 Supersymmetric Product
Group Gauge Theories
We study the low-energy behavior of M = 1 supersymmetric gauge theories with prod-
uct gauge groups SU(N)M and M chiral superfields transforming in the fundamental
representation of two of the SU(N) factors. These theories are in the Coulomb phase
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with an unbroken U(1)N- 1 gauge group. For N > 3, M > 3 the theories are chiral.
The low-energy gauge kinetic functions can be obtained from hyperelliptic curves which
we derive by considering various limits of the theories. We present several consistency
checks of the curves including confinement through the addition of mass perturbations
and other limits.[40]
Seiberg and Witten gave a complete solution to the low-energy dynamics of K = 2 supersym-
metric SU(2) gauge theory with or without fundamental matter fields [41, 42]. This work has been
generalized to pure K = 2 SU(N) theories with and without fundamental matter fields as well as
to other gauge groups [43]-[48].
Following Seiberg's work on K = 1 supersymmetric QCD [29], there is a growing number of
exact results in K = 1 theories as well [18, 19, 26, 27],[49]-[53]. However in these theories one
does not have a complete solution of the low-energy dynamics, but only the exact form of the
superpotential. The major difference between K = 2 and K = 1 theories is that in K = 2 the full
Lagrangian is determined in terms of a holomorphic prepotential, while in K = 1 the superpotential
and the gauge-kinetic term are holomorphic, but the Kihler potential is not.
Intriligator and Seiberg noted that the methods which are used to solve certain K = 2 theories
can also be applied to Coulomb branches of K = 1 theories [49]. In the Coulomb phase there are
massless photons in the low-energy theory, whose couplings to the matter fields are described by
the following Lagrangian:
L = I d20-m ri WiW", (3.1)
where W is the field strength chiral superfield, corresponding to the ith U(1) factor and ri is the
effective gauge coupling, which is a holomorphic function of the matter fields. Often this rij can be
identified with the period matrix of a hyperelliptic curve. Thus for theories in the Coulomb phase,
an important part of the solution of the low-energy dynamics can be found by determining the
hyperelliptic curve as a function of the moduli and the scales of the theory. The singular points of
the curve usually signal the existence of massless monopole or dyon superfields, whose properties
can be read off from the curve.
Except for the K = 2 theories based on SU, Sp and SO groups with matter fields in the
fundamental representation [41, 42][44]-[48], there are few theories for which the description of the
Coulomb branch is known. The other examples include K = 2 G2 theory with no matter fields [54];
K = 1 SU, Sp and SO theories with adjoint and fundamental matter and a Landau-Ginsburg type
superpotential [55]; and also K = 1 SO(M) theories with M - 2 vectors [50].
In this chapter we examine K 1 theories with product gauge groups SU(N)M and M matter
fields, each transforming as a fundamental under exactly two SU(N) factors. All of these theories
are in the Coulomb phase. The SU(N)M theory contains an unbroken U(1)N-1 gauge group. For
each of these theories we identify the independent gauge invariant operators, which parameterize
the moduli space. We determine the hyperelliptic curves describing the gauge coupling function by
considering different limits in which the theory has to reproduce known results for other theories.
We give several consistency checks for these curves. The theories where N > 3, M > 3 are the first
examples of chiral theories in the Coulomb phase; thus, one might hope that they will be useful for
building models of dynamical supersymmetry breaking.
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The chapter is organized as follows. In the next section we first review the SU(2) x SU(2) theory
of Intriligator and Seiberg [49] and then generalize this theory to SU(2)N. We explain the SU(2) 3
case in detail and show that the singularities produce the expected behavior when the theory is
perturbed by adding mass terms. Sec. 3.2 describes the SU(N) x SU(N) theories, while curves for
the general SU(N)M theories are given in Sec. 3.3. We conclude in Sec. 3.4. An appendix contains
an analysis of the D-flat conditions in the general SU(N)M theories.
3.1 SU(2)N
In this section we first review the pure K = 2 SU(N) theories and the SU(2) x SU(2) theory of
Intriligator and Seiberg [49]. Then we generalize this SU(2) x SU(2) theory to SU(2)N .
The hyperelliptic curves for pure K = 2 SU(N) theories were given in Ref. [43]. This solution
can be summarized as follows. The moduli space of the Coulomb branch can be parameterized by
the expectation values of the independent gauge invariant operators formed from the adjoint field
1
uk = TI k, k > 1. (3.2)k
The expectation value of the adjoint can always be rotated to a diagonal form
/a,
Z)= a2 Eai= 0, (3.3)
\aN 1
where classically Uk = I a . It was argued in Ref. [43] that the K = 2 pure SU(N) Yang-
Mills theory can be described in terms of a genus N - 1 Riemann surface. The hyperelliptic curve
describing this surface is given by
= Iff1(x - ai) 2 - 4A 2 N (3.4)
where A is the dynamical scale of the SU(N) theory and products of ai's are to be written in terms
of the Uk. In terms of the variables Sk, which are defined in the classical regime by
Sk = (-j)k 1:ail ... aikI k = 2, ...,7 N, (3.5)
il< ... <ik
this curve can also be conveniently expressed as
N
y2 (XN + SXN-i)2 - 4A 2 N. (3.6)
i=2
The variables sk are related to the Uk's by Newton's formula, with so = 1 and si = = 0,
k
ksk + jsk-jUj = 0, (3.7)
j=1
thus defining them quantum mechanically.
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Intriligator and Seiberg pointed out [49] that the techniques used for solving K = 2 theories
can be applied to the Coulomb branches of K = 1 theories as well. However, in this case the
determination of r does not imply a complete solution of the theory. Intriligator and Seiberg
showed several examples where the gauge coupling r can be exactly determined. Their result for
the SU(2) x SU(2) theory with 2(I, El) can be summarized as follows.
The field content of the SU(2) x SU(2) theory is (Qi)ap, where i is the flavor index and a,/3
are the SU(2) indices. The three independent gauge invariant operators are
Mij = (QM) 0(M) a' ' aa' . (3.8)
On a generic point of the moduli space the SU(2) x SU(2) gauge symmetry is broken to U(1); thus
the theory is in an Abelian Coulomb phase. It is natural to assume that the Coulomb phase can be
described by a genus one Riemann surface determined by an elliptic curve, where the coefficients of
x are functions of the scales A1,2 and the moduli Mij. This curve can be determined by considering
two different limits of the theory. One limit involves breaking the SU(2) x SU(2) to the diagonal
SU(2) group by giving a diagonal VEV to Qi, while the other limit is A2 > A1 , where SU(2) 2 is
confining with a quantum modified constraint [29]. In both limits the theory reduces to an SU(2)
theory with an adjoint chiral superfield, whose elliptic curve is given in Eq. 3.6. These two limits
completely fix the genus one elliptic curve, whose fourth order form is given by
y2 = (2 - (U - A 4 - A 4))2 - 4A 4A , (3.9)
where U = det M. Note that the form of the curve is just what we would get for an K = 2 SU(2)
theory, except that the modulus U (which is to be thought of as a function of the M's) is shifted
by a constant, and that the scale is the product of the scales of each SU(2) factor. This scale is
determined by matching to the diagonal theory. A similar situation will hold for the more general
SU(N) x SU(N) theories, and with the help of these curves we will be able to describe a general
class of SU(N)M theories as well.
Now we generalize the SU(2) x SU(2) theory of Intriligator and Seiberg [49] presented above
to theories based on the SU(2) 1 x SU(2) 2 x ... x SU(2)N product group. The field content of the
theory is described in the table below:
SU(2) 1 SU(2) 2 SU(2) 3 ... SU(2)N
Qi El E3 1 ... 1
Q2 1 L E ... 1 (3.10)
QN El 1 1 - --
The classical moduli space of this theory can be parameterized by the following gauge invariants
Mi= det Qi = (Qi)aam (Qi) ,)6"''Ei i+10i+1, i = 1,..., N
12
T = (Q1)131 02 (Q2)3 20 3 (Q3)030 4 ... (Q1)Nal1Q1E2Q2  (3.11)2
As shown in the appendix, generic vacuum expectation values of these operators preserve a U(1)
gauge symmetry. We will describe the behavior of the holomorphic gauge coupling for the U(1)
gauge group by constructing an elliptic curve.
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We first analyze the SU(2) 1 x SU(2) 2 x SU(2) 3 theory, which can be reduced in various limits
to the SU(2) 1 x SU(2) 2 theory of Ref. [49]. By exploring the limit of large VEV for the field Q3
and the limit A3 > A1 , A2 we will be able to determine the coefficients of the curve. We will work
with the third order form of the elliptic curve, since that form is more convenient in this case. First
consider the limit of large diagonal VEV, v, for Q3. In this limit SU(2) 1 x SU(2) 3 is broken to
its diagonal subgroup SU(2)D. Three components of Q3 are eaten by the Higgs mechanism, while
the remaining component is a singlet of SU(2)D. Both Qi and Q2 transform as (0, D) under the
unbroken SU(2)D x SU(2) 2.
This SU(2) x SU(2) theory is precisely the theory of Ref. [49] described above. The invariants
of this theory are ku = QiQi, M22 = Q2Q2 and 12 = Q1Q2, which can be expressed in terms
of the invariants of the original SU(2) 1 x SU(2) 2 x SU(2) 3 theory:
M 1 = 1 , M 2 = 22, T = 1 2v, and M 3 = v
2
.
The third order curve for the SU(2)D x SU(2) 2 theory is
2 3 2 ~ + +
y2 = 1 + x2 (AD + - M11 22 + M122) + xADA (3-12)
where A 4 = A4A 4/M3.
Let us express this limit of the elliptic curve in terms of the original gauge invariants:
2 3 A2 A 4 T 2 A 4A 4A 4y2 3X2 A +A -MM2 + ) A X 12 3. (3.13)
After rescaling the above curve by x -+ x/M 3 , y -+ y/M3/2 we obtain
2= x3 + X2 (A A3 + A M3 - M1 M 2M 3 + T 2 ) + xA4A4A . (3.14)
Since this curve is only valid in the limit of large v, the term x 2 A4A4/M3 is of lower order than
other terms proportional to x 2 , and should be neglected.
The final form of the curve has to be invariant under all symmetries of the theory. For instance,
simultaneous interchange of A1 with A2 and interchange of Q2 with Q3 does not change the theory,
and there are other similar permutations. The only term that is not invariant under such permuta-
tions is A4M 3 . The properly symmetrized combination is of the form A4M 2 + A4M 3 + A4M 1 . The
final expression for the curve is therefore
y2 = x3 + x2 (A4M 2 + A M3 + A4M 1 - M 1 M 2M 3 + T 2 ) + xA 4A4A , (3.15)
while the equivalent quartic form is
2 = (x 2 - (A4M 2 + A4M 3 + A4M 1 - M1 M 2 M3 + T 2)) 2 - 4A4A4A . (3.16)
It turns out that this is the complete form of the elliptic curve for the SU(2) 3 theory. All other
terms consistent with the symmetries, such as xT 6 , are excluded by the requirement of agreement
with Eq. 3.14 in the limit of large VEV for Q3-
We will present consistency checks which support our claim that the curve derived in the large
VEV limit is indeed correct. First, let us consider the theory in the limit A3 > A1 , A2 . The
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SU(2) 3 theory has the same number of flavors as the number of colors. Below A3 , the SU(2) 3
group is confining and we need to express the degrees of freedom in terms of confined fields subject
to the quantum modified constraint [29]. The confined fields are (Q2), (Q2) and the 2 x 2 matrix
(Q2Q3). The quantum modified constraint in an SU(2) theory with four doublets, Pf (qiqj) = A4,
when written in terms of the fields confined by the SU(2) 3 dynamics is
A4 = (Q2)(Q2) - (Q2Q3) 2.
Again, we can express invariants of the effective SU(2) 1 x SU(2) 2 theory in terms of SU(2) 3
invariants: 11  = 1 = M 1 , pM 12 = Q1(Q2Q3) = T and p2k 22 = (Q2Q3) 2 = M 2M 3 - A3,
where the last equality makes use of the quantum modified constraint. The factors of dimensional
constant p are included in order to make the M's dimension two.
The elliptic curve for the SU(2) 1 x SU(2) 2 theory is the same as in Eq. 3.12, except for the
obvious substitution AD -+ A1 . In terms of SU(2) 3 invariants the curve is
2 =3+2 4 4 M 2 M 3 - A4 T 2 + 4y 2= + 2 A 1±A-M 1 2 + + A A2.p p2/
After rescaling x -+ x/p 2 and y -+ y/p 3 we obtain
2 = X3 (A p2 + A 4p2 + M1 A4 - M 1M 2 M3 + T2) + XL 4 A4A . (3.17)
The symmetrized form of Eq. 3.17 with p = A3 is identical to Eq. 3.15 up to the irrelevant
subdominant term x2 (A 4 + A 4)A .
As another consistency check we consider integrating out all matter fields from the SU(2) 3
theory. This way we obtain three decoupled pure SU(2) Yang-Mills theories whose low-energy
behavior is known and should be reproduced by the above description of the theory.
In order to integrate out the matter fields we add a tree-level superpotential
Wtree = m 1 M 1 + m 2M 2 + m 3 M 3  (3.18)
to the theory, which corresponds to adding mass terms for all Qi fields. On the singular manifold
of the curve there are massless monopoles or dyons which have to be included into the low-energy
effective superpotential. The curve described by Eq. 3.15 is singular when
- T+ M1M 2M 3 - A4M 2 - A4M 3 - A4M 1 = ±2A2A2A . (3.19)
Thus the low-energy effective superpotential is given by
W = (-T 2 + M 1 M 2 M 3 - A4M 2 - A4M 3 - A4M 1 + 2A2A2A )5+E+
+(-T2 + M 1M 2M 3 - A4M 2 - A4M 3 - A4M 1 - 2A2A2A2)5_ E_
+m 1M1 + m 2M 2 + m 3 M 3 , (3.20)
where E+ and E+ are the superfields corresponding to the massless monopoles at the first singular
manifold, while E- and E_ are the dyons which are massless at the second singular manifold. The
equations of motion with respect to the fields T, Mi, E+, E+ will determine the possible vacua of
the theory.
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The Mi equations require that either 5+E+ or 5_E_ is non-vanishing, which together with
the k± equations will fix the solutions to be on one of the singular submanifolds. The T equation
sets T to zero and thus we are left with the following set of equations:
M1 M 2 M 3 - A4M 2 - A M 3 - A4Mi ± 2A2A2A2 = 0
(MM 2 - A4)e + m 3 = 0
(M 1 M 3 - A4)e + m 2 = 0
(M 2 M 3 -A)e+mi = 0, (3.21)
where e is the value of the monopole condensate FE. One can show that there are eight solutions
to these equations which reproduce the vacua obtained from gaugino condensation which we now
derive.
For large mi the Qj fields can be integrated out, and the resulting theory consists of three
decoupled pure SU(2) Yang-Mills theories with scales determined by matching:
A = mim 3A, 2 = mIm 2 A2, and Xi = m 2m 3 A3.
Gaugino condensation is then expected to produce a low-energy superpotential
W = 2EX + 2 2A +2E3
= 2c1Vmim 3A2 + 262 mim 2 A2 + 2E3 dm 2m 3 A , (3.22)
where ci = ±1. Since the masses mi can be viewed as source terms for the gauge invariant operators
Mi, the VEV's of the gauge invariants are determined by [52] " = (Mi), (T) = 0. The resultingomi
vacua
(M1 ) = E2 MA + 3 2 A2
(M 2)= 1  mA 2+ 3 A2( m2 Vm2
(M3)= -i A 2 [f2 A2
W3=ElV _M3 il 2V _M3 1
(3.23)
can be shown to exactly coincide with the solutions of Eqs. 3.21, providing us with a non-trivial
check on the consistency of the curve for the SU(2) 3 theory.
It is quite straightforward to generalize the SU(2) 3 curve to SU(2)N theories with the matter
content given in Table 3.10. We proceed as before and determine the curves from the limit of large
diagonal VEV for one of the Qi's and the limit in which one of the SU(2)'s becomes strong. The
resulting curve is:
y2 X3 + ( A4 H M 3 -f MI+T2 +xfA . (3.24)
Note that the first term proportional to x2 contains products of all invariants Mi, whose constituents
Qj do not transform under given SU(2)i corresponding to Aj.
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3.2 SU(N)xSU(N)
Next we generalize the SU(2) x SU(2) theory presented in Sec. 3.1 to SU(N) x SU(N) with fields
Qi and Q2 transforming as (0, M) and (M, L). Along generic flat directions SU(N) x SU(N) is
broken to U()N-1, as shown in the appendix. Therefore this theory is in the Coulomb phase.
Since there is a non-anomalous U(1)R symmetry under which the fields Q, and Q2 have R-charge
zero, there can be no dynamical superpotential generated; thus, the Coulomb phase is not lifted.
The independent gauge invariant operators are B 1 = det Qi, B 2 = det Q2, and T = Tr(QiQ 2 )',
n = 1, .. - N - 1. This agrees with the counting of degrees of freedom: the fields Qi and Q2
contain 2N 2 complex degrees of freedom and there are 2(N 2 - 1) D-flat conditions. Since there is
an unbroken U(1)N-1 gauge symmetry only 2(N 2 -1) - (N -1) of these conditions are independent
and thus one expects to find 2N 2 - [2(N 2 _ 1) - (N - 1)] = (N + 1) independent gauge invariant
objects, which exactly matches the number of operators listed above. We again assume that there
is a hyperelliptic curve describing this theory involving these degrees of freedom and the scales A1
and A2 -
We will present the SU(3) x SU(3) case in detail and then generalize to SU(N) x SU(N). The
matter field content of the SU(3) x SU(3) theory is
SU(3) SU(3)
Q 1 M
Q2L
The independent gauge invariants are
B1 = det Q1, B 2 =det Q2 ,
T1 = Tr Q1 Q2 , T 2 =Tr (Q1Q2)2
All other gauge invariants can be expressed in terms of these four. For example, the operator
T3 = Tr (Q1Q2) 3 is constrained classically via the identity
det M = B 1 B 2 , (3.25)
where M9 = Q_ A Q2 p. To see this we first express det M in terms of the invariants Ti, i = 1, 2, 3
as
det M = (T - 3T 1 T2 + 2T 3 ) . (3.26)
The classical constraint of Eq. 3.25 then yields
T =  (6B1B 2 + 3T 2T1 - Tf) . (3.27)
It is natural to consider the composite field 4M = QA Q2A - ITr Q1Q26a, which is a singlet under
one of the SU(3)'s and an adjoint under the other. We define
U 1 rD2 = 1T2 - T,2
2 2 j 2  3I)
v= Tr4 3 = 1TV T2T1+ T
1 1  5
= - l3B1B 2 + -21 - T13 (3.28)
3 2 18
45
which correspond to the moduli of an SU(3) theory with adjoint field 4. It turns out that the
SU(3) x SU(3) curve depends only on these combinations of T and Bi.
As there are generically two U(1)'s unbroken, we expect there to be a genus two hyperelliptic
curve describing the theory, given by a sixth order polynomial in x. Having identified the moduli
space we consider various limits to determine the coefficients of this hyperelliptic curve. Consider
the limit where Qi gets a large diagonal VEV, w, w > A1 , A2 . Then SU(3) x SU(3) is broken to the
diagonal SU(3)D. Under SU(3)D, Q1 and Q2 decompose into two singlets and two adjoints. The
adjoint from Qi is eaten, leaving two singlets, which are assumed not to enter the gauge dynamics,
and an adjoint, <}D = Q2 - !Tr Q2. The scale of the resulting SU(3)D theory is determined by
matching at the scale w which gives A 6 = A6A6/w 6 = A6A 6 /B 2. The dynamics of this effective
N = 2, SU(3) gauge theory is described by the curve
2 = (x3 - UD 2 - D) 6, (3.29)
and the invariant traces UD, VD can easily be expressed in terms of u, v of Eq. 3.28,
UD = 2 D 2B2/3 T2 - 3 B/31 U
1r 1 (cln 2 n' V
D D D 3B, (TB - T2T1 + 9 ) B, (3-30)
The curve in Eq. 3.29 can then be written in terms of the original SU(3) x SU(3) gauge invariants
and the original scales:
y2 = (X3 - B - - - 4A .2 (3.31)
Rescaling x -+ x/B1/ 3 , y -+ y/B1, the curve takes the form
2= -- u - V) - 4AA . (3.32)
The hyperelliptic curve of the SU(3) x SU(3) theory must reproduce Eq. 3.32 in the limit of
large diagonal VEV w for Qi, but the sixth order polynomial which describes it may well contain
new terms which are not yet fixed because they are subdominant in this limit. We now write
a more general polynomial, containing all terms consistent with the R-symmetry of the theory,
and the assumption that the scales appear only as integer powers of Al and A2, corresponding to
instanton effects. The theory has an anomalous U(1)R symmetry in which Q1, Q2, Al, and A2 have
R-charge one. Covariance of the curve in the large VEV limit (Eq. 3.32) requires that x and y be
assigned R-charges two and six, respectively. These R-charge assignments are summarized in the
table below.
y x T T 2  B 1 ,B 2  A , A6
U(1)R 6 2 2 4 3 6
The most general sixth order polynomial including all terms consistent with these requirements
and the discrete A1 + A2 symmetry is
y= - 2UX 4 - (2v + a (A6 + A6)) x 3 + u 2x 2 + (2uv +,3 (A6 + A6) u) X
v +A2 +E(A +A) V, (3.33)
46
with as yet undetermined coefficients a,,3, -y, 6, E. Additional terms involving other combinations of
products of the fields and the scales are not consistent with the large VEV limit. Other combinations
of gauge invariants and scales are excluded by the strong coupling limit, which we now describe.
Next we consider the limit where SU(3) 2 is strong, A2 > A1 . Q, and Q2 confine to form three
singlets under the remaining SU(3) 1 , Q3, Q3, TrQiQ 2 , and an adjoint 4b = j(Q1Q2 - TrQ1Q 2),
where the scale p is introduced to give the adjoint canonical dimension one. Below the scale A2 we
have an SU(3) theory with an adjoint and scale A1 .
The confining SU(3) 2 theory has a quantum modified constraint [29]
det M - B 1 B 2 = A . (3.34)
This quantum modified constraint will result in the expression (3.27) for T 3 being modified by the
addition of 3A2.
We identify the moduli in this limit,
U1= 1 (T2 - -T) =
2p2 3 Py
V1 3 2T( + T 3B 1 B 2 + T2T1- + 3A
(v+ A6) .(3.35)
The curve in this limit is then, after rescaling x -4 x/p, y -+ y/p3
y2 X3 - ux - v - A] - 4p 6 A . (3.36)
This fixes the previously undetermined parameters in Eq. 3.33 except for -y. At this stage, using
the A1 +-* A2 flavor symmetry and the above limits, the SU(3) x SU(3) curve takes the form
[ 3 - u-v -A6 - As - yA6A. (3.37)
In order to determine the coefficient -y we higgs the theory to SU(2) x SU(2). Consider the
limit where Qi and Q2 each get large VEVs of the form
W
Q1 = Q2 = 0 . (3.38)
0)
Then SU(3) x SU(3) is broken to SU(2) x SU(2) x U(1) with the uneaten degrees of freedom lying
in the two by two lower right block of the fields Qi and Q2, which we denote by q. and '. These
remaining degrees of freedom are neutral under the U(1).
The non-perturbative description of this higgs limit of the curve Eq. 3.37 is the following: Given
values of the invariants u and v, Newton's formula of Eq. 3.7 can be used to find s2 and 83 and then
a set of values for a1 , a 2 , a 3 with E ai = 0 via Eq. 3.5. Note that in the strong coupling regime the
ail's are not the VEVs of any fundamental field, although classically they are the diagonal VEVs of
the composite adjoint field 41 = Q2Q3 - 'Tr Q2Q3. The curve in Eq. 3.37 can be rewritten as
32
y2 = (f(x - ai) - Al - A2 -yAl 2. (3.39)
i=1
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Without loss of generality we can take a3 = a1 = -1 +a, a 2  - - a. We shift 1 -+ x - -p,
and reexpress the curve as
= ((x - p)(x - a)(x + a) - A - A 6 - 7A6A . (3.40)
The higgs limit is p > a in which one pair of branch points recedes toward infinity, as in [44], and
monodromies and periods calculated in the finite region are those of the SU(2) x SU(2) theory. To
see this concretely we rescale y -+ y(x - p), and assume x < p. In this region the curve Eq. 3.40
may be expressed as the approximate genus one curve
= - 2 -2 22. (3.41)
This agrees with Eq. 3.9 if we identify a 2 = U, y = 4 and scales pA! = A§. In the classical region,
it is certainly the case that a 2 = U and p = w 2 of Eq. 3.38. The scales are then related by the
standard matching condition. We have now completely determined the SU(3) x SU(3) curve,
2 3 - u - v - A6 - A 6- 4A6A . (3.42)
The generalization of this analysis to SU(N) x SU(N) is straightforward. The effect of the
quantum modified constraint is to shift the classical expression for SN by (_I)N (AN + A2N).
Recall the curve of Eq. 3.4 for the SU(N) theory with an adjoint,
N 2
2 N-i _4A2 N. (3.43)
i=O
The previous arguments carry through in direct analogy, resulting in the curve for the SU(N) x
SU(N) theory:
2 N-i N N N N N
'osix + ~)v(A, + -2 4A1NA2N (3.44)
(i=0
where the si's are the symmetric invariants of the composite adjoint <(D = Q1Q2 - XTr Q1Q2 and
are to be expressed in terms of the gauge invariants T and Bi via classical expressions.
As a consistency check on the SU(3) x SU(3) curves we consider integrating out the fields Qi
and Q2 by adding a mass term
Wtree = mT 1
to the superpotential. Then the low-energy theory will be a pure SU(3) x SU(3) Yang-Mills theory
and we expect to find nine vacuum states.
The effective low-energy superpotential has to account for the monopoles and dyons which
become massless along the singular surfaces of the hyperelliptic curve of Eq. 3.42. These singular
surfaces can be determined by finding the zeros of the discriminant A of the curve. For the K = 2
SU(3) curve described by y2 = (X3 - uX - v) 2 - 4A6 , the discriminant factorizes, A oc A+A-
where A± = 4u3 - 27(v ± 2A 3 )2 [43]. In our case u and v are expressed in terms of T 1 , T2 , B1 and
B 2 by Eq. 3.28. Thus the effective superpotential can be written as
W = A+k+E+ + A.E-E- + mT1,
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where the E+, t+ fields correspond to the monopoles which become massless at A+ = 0 and the
E__ E_ fields correspond to the dyons which become massless at A_ = 0. The T equation of
motion will force at least one of the monopole condensates to be non-vanishing. But then the T 2
equation will force both E+E+ and 5_E_ to be non-zero, which by the E+, E_ equations lock the
fields to one of the Z 3 symmetric singularities A+ = A- = 0. The B 1 and B 2 equations just set B1
and B 2 to zero, while 5+E+ and tE can be uniquely determined once Ti and T 2 are fixed. Thus
in order to count the number of vacua one needs to solve the equations A+ = A_ = B 1 = B 2 = 0
for the variables T1 and T 2 . Using Eq. 3.28 with B 1 = B 2 = 0 these can be written as
1 5
-TT - T - 3Ai - 3Ai = 02 18
T 2 - - 3wA2A ,3
where w is a third root of unity. One can see that for each value of w we get a cubic equation for T 1 ,
therefore we conclude that there are nine distinct vacua in agreement with the Witten index. We
do not find detailed agreement with the vacua determined by the original integrating in procedure
of [52], which we would expect to be at T 2 = Bi = 0, Ti = w1 A2 + wA2. However, there are other
examples, such as the N = 2, SU(Nc) gauge theory with N, > 4, where the operator U2k can mix
with u2, for example, in which the naive integrating in procedure does not reproduce the VEV's of
the gauge invariant operators found from the effective superpotential including massless monopoles
and dyons. Similarly, in the SU(3) x SU(3) theory, T 2 and T12 can mix, and we should not expect
the naive integrating in procedure to work.1
3.3 SU(N)M
Finally, we generalize the previous analysis to SU(N)M theories with matter content given below:
SU(N)1 SU(N) 2 SU(N) 3 ... SU(N)M
Qi D 1 --- 1
Q2 1 L .-- 1 (3.45)
QN 1 1 ---
The independent gauge invariants are Bi = det Qi, i = 1,..., M; and Ti = Tr (Q1 ... QM)',
1, ... , N - 1. We define the composite field
1
D=Q1Q2 .QM- -Tr Q1Q2 - -QM,N
which is an adjoint under one of the SU(N)'s and invariant under the others. From 4P we form the
invariants si as in Sec. 3.1. These invariants si, when expressed in terms of the invariants T and
Bi, have the same functional form as in the SU(N) x SU(N) case, except that B 1 B 2 has to be
replaced by the product over all the Bi's.
In terms of these variables, the SU(N)M curve is given by
[N M N 12 M
y2 = Esi(Tj, Bj) xN-i +()N AN f Bi - 4 A N 46)
WtakK ti fj=1 eaRj=1
'We thank Ken Intriligator for pointing this out to us. See also Ref. [56].
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In Eq. 3.46 the term A.N Hj,j-4 Bi involves the product of all Bi corresponding to fields Qj that
do not transform under SU(N)j.
We can check that this curve produces the correct SU(N)M-1 curve upon higgsing the theory
and in the strong SU(N)M limit. First consider breaking to SU(N)M~ 1 by giving the field QM
a large diagonal VEV w. In this limit the degrees of freedom are Bi/w, i = 1,..., M - 1; and
Tj/wj, j = 1,... , N - 1. Upon rescaling the gauge invariants by appropriate powers of the VEV w
and using the matching relation w2NAN = BMA2N = A2 1 A2N the curve reproduces the correct
SU(N)M- 1 limit.
We can also check the curve in the strong SU(N)M limit. In this limit SU(N)M confines with a
quantum modified constraint and we obtain another SU(N)M- 1 theory in this limit. The degrees
of freedom are
Bi, i ,...,M - 2; Tn, n = ,...,N - 1;7
and bM_1 = ( QM-1QM)N (BM-1BM + AE).
The scale p is introduced as usual to give the field QM_1QM canonical dimension one. Comparing
the curves for SU(N)M and SU(N)M- 1 with these degrees of freedom fixes the scale p AM, and
then Eq. 3.46 agrees with the curve for the SU(N)M theory.
Similarly, we can consider higgsing the theory to SU(N - 1)M by giving all the Qj's a VEV in
one component, in which case we again find agreement amongst the curves.
3.4 Conclusions of Chapter 3
We have extended the results of Ref. [49] to K = 1 supersymmetric gauge theories with product
gauge groups SU(N)M and M chiral superfields in the fundamental representation of exactly two
of the SU(N) factors. These theories have an unbroken U(1)N-1 gauge group along generic flat
directions and are therefore in the Coulomb phase. For M = 2 there are two limits in which the
low-energy degrees of freedom are those of an effective N=2 SU(N) gauge theory, so it is natural
to assume that the gauge kinetic functions are given in general by the period matrix of genus
N - 1 hyperelliptic curves. We then derive those curves by studying these two limits. For M > 2
the SU(N)M- 1 theory can be obtained by higgsing the SU(N)M theory, so we assume again that
hyperelliptic curves determine the Coulomb phase dynamics and then find the curves by studying
limits.
There is a systematic pattern of curves for the SU(N) x SU(N) models. When written in terms
of trace of powers of the composite adjoint field QiQ2, the new curves are related to the known [43]
curves for K = 2 SU(N) theories by a simple shift due to the quantum modified constraint in the
product group models. For M > 2 the curves are entirely new, and they depend on the N + M - 1
invariants in a complex but systematic way.
One of the most striking aspects of the work of [41, 42, 49 is that one can add a mass term to
the original theory and demonstrate that magnetic confinement occurs. We have studied this mech-
anism in our SU(2) 3 and SU(3) 2 models. In the first case we find 8 confining vacua with detailed
agreement between the two approaches based on the low-energy superpotential with monopole fields
and the dynamical superpotential describing gaugino condensation after integrating out massive
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chiral fields. In the second case we find, as expected, 9 vacua from the low-energy monopole super-
potential as well, and we point out a subtlety when matching the two approaches to determining
the confining vacua. For N > 2, M > 2 our models are chiral, and they are the first examples of
chiral theories in the Coulomb phase.
Appendix 3A: D-flat Conditions in SU(N)M theories
In the early approach to the dynamics of SUSY gauge theories [57] the moduli space of SUSY vacua
was obtained by finding the most general field configuration, up to symmetries, which satisfies the
D-flat conditions. In the more modern approach [29], which emphasizes holomorphy, the moduli
space is parameterized by a set of algebraically independent gauge-invariant polynomial functions
of the chiral superfields [58]. Such a set of N + 1 polynomial invariants were specified in Sec. 3.2
for the SU(N) 2 models, and a set of N + M - 1 invariants for the SU(N)M models was given
in Sec. 3.3. It is a simple but useful consistency check to study the D-flat conditions. This will
confirm the dimension of the moduli space and make manifest the residual U(1)N- 1 symmetry of
the Coulomb phase.
We begin with the SU(N) x SU(N) case. As a simple variant of a standard matrix representation
we know that Q, and Q2 can be expressed in the form
Qi = U, A V l e, Q2 = U2 B V1-1 ei, (3.A.1)
where Ui and Vi are SU(N) matrices and A and B are real diagonal matrices whose diagonal
elements a2 and bi are ordered, i.e. al > a2 > ... > aN > 0. We assume a generic configuration
in which none of the ai coincide, and the same for the bi. The Ui and V are still not uniquely
determined; there remains the freedom U1 -+ UIC, V2 -+ V2 C and U2 -+ U2 C', Vi -+ V1C' where
C and C' are diagonal SU(N) matrices, but this redundancy plays little role in the subsequent
analysis.
The original form of the D-flat conditions is
Da=Tr (Qi Ta - Q 2 Ta Q) =0, (3.A.2)
Da= Tr (Q Ta Q 2 - Q1 Ta Qt) 0.
Since the generators Ta of the fundamental representation of SU(N) are a complete set of N x N
Hermitian matrices, this means that QiQI - QtQ2 and Q2Qt - QtQ1 must be multiples of the
identity. Using Eq. 3.A.1, these conditions read
U1 A 2 U- 1 - V B 2 71 = ,1,
V2 A2 V7 - U2 B 2 U2j1 = c21, (3.A.3)
where ci and c 2 are real constants. Taking traces gives ci = C2 = c. Suppose one brings the B 2
term to the right side of the first equation. One can then see that the characteristic equations
for the matrices U1 A 2 UT-1 and V1(B 2 - cil) VC-- must have the same roots. This means that
a? = b? + c for each diagonal element of A and B.
Conjugate the first equation in 3.A.3 by UT1- ... U1 and the second by V2 -- V2 . Rearrange
the resulting expressions to read
[UT1 V1 , B2] = 0 and [V 1U 2 , B2] = 0. (3.A.4)
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These imply that UT1-V 1 = C1 and V2jU 2 = C2 where C1 and C2 are diagonal SU(N) matrices.
We can now return to (3.A.1) and rewrite it as
Q, = U1 A C2 U7-1 es" and Q2 = U2 B CI-1U-le',3 . (3.A.5)
Now make an SU(N) 1 gauge transformation by U 1- and an SU(N) 2 transformation by C2 U21
to obtain the canonical diagonal representation
/a, /bi
Q e, Q2 = C e2. (3.A.6)
aN \ bN
with C = C2 CT1 and ai (b? + c) 1/2. There are N real variables and N phases in Q2, and the
additional real c and phase a. This is the correct count of independent variables of the Coulomb
phase. Further one sees that the gauge is not completely fixed because the canonical representation
is invariant under Qi - C' Qi C'- and Q2 -+ C' Q2 C'-1 where C' is a diagonal matrix of the
diagonal SU(N) subgroup. This is just the expected residual U(1)N-1 gauge invariance of an N -I
dimensional Coulomb branch.
This approach can be extended to the SU(N) m case with chiral superfields in the (E], M) repre-
sentation of SU(N)i x SU(N)i+ 1 , and otherwise inert, denoted by Qij. (We always take j I + 1
for i = 1 ... m - 1, and j = 1 for i = m.) We start with representations
Qij = UiAijV-leoi, (3.A.7)
where Ui and V E SU(N) and Aij is a real diagonal matrix. As before there is a non-uniqueness
U, -+ U, Cj, V -4 V3 Cj with Cij diagonal and det Cj = 1.
There are m independent D-flat conditions, and one learns, as in (3.A.3), that the SU(N)j
condition implies
U-A U- 1 - Vj A? V- 1 = c l. (3.A.8)
(Again we take j = i + 1, and k = j + 1 with wraparound where required.) The sum of traces of
these j equations just gives E.1 cj = 0, and one finds from considering characteristic equations
that diagonal elements aj,,,, satisfy a 2  a?,, + c , for p = 1, 2 ... N.
By appropriate conjugation and rearrangement, one again finds that U7 1 V = C- 1, so that
Eq. 3.A.7 becomes
Qij = UiAijCjU- 1esii. (3.A.9)
We now make a gauge transformation by Ui in each SU(N)i factor group which brings us to the
diagonal representation
Qij = Aij Cj eZoii. (3.A. 10)
The final SU(N) 1 x SU(N) 2 x SU(N)m gauge transform by (1, C2, C203, ... , C2C3 ... Cm) then
gives the canonical representation
Qij = Aiea&, i = 1 ... rn - 1, (3.A.11)
Qmi = AmiC eiami
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with C = C1C2 ... Cm. This contains N + m - 1 independent real variables and m + N - 1 phases
in agreement with the number of independent holomorphic polynomials found in Sec. 3.3. There
is again a residual unfixed U(l)N- 1 Coulomb phase gauge symmetry.
4 Seiberg-Witten Curves for AV = 2 Supersymmetric Product
Group Gauge Theories from Branes
We determine the low energy description of K = 2 supersymmetric fJi SU(ki) gauge the-
ories with bifundamental and fundamental matter based on M-theory fivebrane configu-
rations. The dependence on moduli and scales of the coefficients in the non-hyperelliptic
Seiberg-Witten curves for these theories are determined by considering various field the-
ory and brane limits. A peculiarity in the interpretation of these curves for the vanishing
/-function case is noted.[59]
Many field theory results for strongly interacting gauge theories can be derived from string
theory [60, 61]. Further results have been derived from M-theory [62]. M-theory is particularly
useful in identifying the form of the Seiberg-Witten curve describing the Coulomb branch in cases
where it is not hyperelliptic, since it gives the order of the polynomial in y and x as shown in Ref.
[62] (or t and v in the new language). However, simply knowing the form of the polynomials is not
the whole answer if one actually were to extract the physics associated with the curve. One would
also need to know the dependence of the coefficients on the moduli and the dynamical scales of the
theory. Of course there are ambiguities in defining the moduli quantum mechanically. Nonetheless,
even with these ambiguities, one can derive physical quantities from the curve. Many of the curves
which have been derived so far reproduce old results or do not make manifest the dependence of
the coefficients of the curve on physical parameters; however there have been several detailed new
results which have been obtained from the M-theory picture (e.g. [63, 64, 65]).
In this chapter, from the M-theory starting point, we fill in the moduli and scale dependence
of the coefficients of the K = 2 theory curves for arbitrary products of SU(k) factors using both
field theoretic and brane considerations. These theories have also been studied in the context of
geometric engineering [66], but detailed comparison with the standard field theoretic moduli is
difficult from this perspective.
In the following section, we review the M-theory construction. We then discuss in detail K = 2
SU(2) x SU(2) with a bifundamental hypermultiplet. This will allow us to introduce the constraints
which we found necessary to pin down the form of the coefficients, and to verify our results by com-
paring the singularities to those of the known SO(4) theory. We then generalize to SU(N) x SU(M)
(finding results in agreement with Giveon and Pelc [63]) and also to an arbitrary product of SU(k)
groups for asymptotically free theories. Our result is that the curve for the Hr'_1 SU(ki) theory
with ko flavors of SU(k 1 ) and kM+1 flavors of SU(kM) hypermultiplets is
M-1 M-j-1
tm+1Pko(v) - tM~ki (v) + E(-1)M-j+1 AM-n-j+1)0n gpM-+tM~l~v M1 ()M~+1( M - -n t3 Pkm-j, (v) = 0. (4.1)
j=0 n=1
The polynomials, which are explicitly given in the text, are the polynomials which reproduce the
classical singularities for the individual SU(n) groups. This is in fact the simplest answer one might
have guessed; this chapter shows that this is in fact the correct curve.
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Finally, we discuss some aspects of the theories with vanishing beta function. We find the
intriguing result that in the classical limit the distance between the fivebranes in the SU(2) theory
with four flavors corresponds to the SU(2) coupling if we do not identify the coupling r appearing in
the curve as the SU(2) coupling of the massless theory in the SW renormalization scheme. In fact,
our result seems to substantiate the claim in [67] regarding the interpretation of Seiberg-Witten
curves in conformal theories.
4.1 M-Theory Construction
In this section, we review the basic elements of Witten's M-theory construction in order to establish
notation - the details can be found in [62]. We will first discuss the brane configuration in Type
IIA string theory [61] and then review Witten's interpretation of the configuration in M-theory.
The Type IIA picture involves the Neveu-Schwarz solitonic fivebranes and Dirichlet fourbranes
in flat ten-dimensional Minkowski space. There are N fourbranes located at x7 = -- =9 = 0
and some fixed value of v = x 4 + ix' with world volume coordinates xO, X1 I2, X3 and x6 . When
the open superstrings which end on these fourbranes are quantized, the massless excitations give
a U(N) gauge theory in ten dimensions with K = 1 supersymmetry (presence of the fourbranes
breaks half the supersymmetries so 16 supercharges are left unbroken). The strings stretching
between the fourbranes represent the N 2 gauge bosons. Dimensional reduction of this theory to
the world volume of the fourbranes gives a U(N) gauge theory in five dimensions. The theory on
the world volume of the fivebrane has a U(N) gauge field Ai (i = 0, 1, 2, 3, 6) and five real scalar
fields in the adjoint representation of U(N) corresponding to the five transverse directions. The
scalar fields can be interpreted geometrically as specifying the location of the fourbranes in the
transverse space.
Now consider the configuration with the N fourbranes stretched between two NS fivebranes
located at x7 = X8 = X9 = 0 and some fixed values of x6 with world volume coordinates xO, , I2,
X3 , X4 and x'. Due to the compactness of the fourbrane in the X6 direction, at low energies (i.e. at
length scales much larger than the x6 separation of the fivebranes), the world volume theory on the
fourbranes is effectively four dimensional. Ignoring the dependence on the x6 coordinate, there is
a four dimensional theory with a U(N) gauge field and one scalar field corresponding to A 6 . This
A 6 , along with the scalar fields corresponding to the x 7, x 8 and x9 directions is projected out of the
low energy four dimensional theory on the world volume of the fourbranes. Since the fourbranes
are free to move in the v = x 4 + ix 5 direction, the complex scalar field q which corresponds
to this motion remains in the low energy theory and combines with the gauge field to give an
K = 2 vector multiplet. That the theory has K = 2 supersymmetry can easily be seen by the fact
that the fivebranes break another half of the supersymmetries, leaving 8 unbroken supercharges
corresponding to K = 2 in four dimensions.
At weak coupling, the coupling of the four dimensional gauge theory is 1/g 2 = AX 6 /A where A
is the string coupling constant. (In M-theory units the string coupling is replaced by the M-theory
radius R11.) The fact that the coupling of the gauge theory runs with scale is nicely reflected in
the bending of the fivebranes due to the force exerted by the fourbranes as explained in [62]. We
will give a more precise formula for the conformal case in Sec. 4.3.
The kinetic term of the ten dimensional U(N) gauge theory produces a scalar potential of the
form V = Tr[ot, 0]2. This potential has flat directions corresponding to diagonal # matrices. In each
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ddd 3
d 2 0 d M
k 0 k k 2 k3 k M k M+1
Figure 1: The brane configuration corresponding to the SU(ki) x SU(k 2 ) x ... xSU(kM) theory with
bifundamentals and ko flavors of SU(ki) and kM+1 flavors of SU(kM). The vertical lines represent
the NS-fivebranes, and the horizontal lines are the D-fourbranes.
of these vacua, the U(N) gauge symmetry is broken to U(1)N-the diagonal entries of 0 correspond
to the distance between the fourbranes. As discussed in [62], the motion of the fourbranes results
in the motion of the disturbance they produce on the fivebranes. The requirement of finite energy
configurations imposes the condition that the average position in v of the fourbranes is constant.
Hence a U(1) subgroup of U(N) is non-dynamical and the configuration describes an SU(N) gauge
theory in its Coulomb phase.
An obvious extension of this setup is shown in Figure 7. There are M + 1 fivebranes labeled by
a = 1, ... , M+ 1 with kQ fourbranes stretched between the ath and (a+ 1)th fivebranes. The gauge
group of the four-dimensional theory will be HM1 SU(k,). The hypermultiplet spectrum of the
theory will correspond to strings ending on fourbranes of adjacent groups. They will transform as
(ki,k 2 )E (k2 ,k3 )e ... (kM-1,kM). The bare mass of a hypermultiplet, m 0 is the difference between
the average position in the v plane of the fourbranes to the left and right of the ath fivebrane.
In the strong coupling limit of the Type IIA string theory, the low energy dynamics is described
by eleven-dimensional supergravity, which is the semiclassical limit of an eleven-dimensional M-
theory. This theory lives on R 1 '9 x S1 where R1' 9 is the ten dimensional Minkowski space and S' is
a circle of radius R in the tenth spatial direction x1 o. The fourbranes and fivebranes of Type IIA
string theory come from the same fivebrane of M-theory - the fivebrane is an M-theory fivebrane
at a point in xzo, whereas the IIA fourbrane is the M-theory fivebrane wrapped once around the
circle S' in x1 . By lifting the brane configuration of Type IIA string theory discussed above to
M-theory, the configuration is described by a single fivebrane which captures the nonperturbative
physics of the gauge theory (as discussed in [62]). The world volume of this M-theory fivebrane is
a continuous six dimensional surface embedded in an eight dimensional space - R 1,3 which is the
four dimensional Minkowski space (xO, X I2 X3 ) and v = x 4 + iX5 and t = e-(x6 +ix1O)/R. Since the
construction in the Type IIA picture is translationally invariant in R 1 ,3 , the world volume of the
M-theory fivebrane will factor as R',3 x E where E is a two-dimensional Riemann surface embedded
in v, t space described by a single complex equation in t and v. This surface is the Seiberg-Witten
surface from which the gauge couplings of the various U(1)'s in the low energy theory can be
derived. As discussed in [62], the surface describing the product group configuration in Figure 1
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corresponds to the following curve:
Pko(V)t"+ +pki(V*t +Pk2 (V)tM- + --- ±Pk(V)t +PkM+l(V) =0
where Pk, (v) are polynomials of order ki in v. In this chapter, our objective is to find the explicit
dependence of the polynomials Pk, (v) on the moduli and scales of the gauge theory.
4.2 SU(2) 1 xSU(2) 2
As a preliminary step in obtaining the full curve discussed above, we first derive in detail the exact
curve for the simplest product group theory in this class, SU(2) x SU(2).
In four dimensional A = 1 language, the theory has vector multiplets associated with the
SU(2) 1 x SU(2) 2 gauge group and the following chiral multiplets.
SU(2) 1  SU(2) 2
1I
421
Q n L
For other gauge groups the symmetric tensor generalizes to the adjoint of the gauge group. By
adjusting the average position of the fourbranes for the two groups to be the same, we can set the
bare mass of the hypermultiplet (Q, Q) to zero. We will also find it useful to scale t such that the
middle brane is at x6 = 0, (i.e. t = 1 in the dimensionless convention for t which we will find most
convenient). As discussed in the previous section, the Seiberg-Witten surface is described by the
curve
t3 +P 2 (V,ui,U 2 ,A1,A 2 )t 2 +1 2(,ui,U 2 ,A1,A 2 )t+k(A1,A 2 ) =0,
where P2 and P2 are polynomials quadratic in v and depend on scales A, and A2 and moduli u=
T 1u Tr 2. The constant k depends on A, and A2. Note that we are considering only
the Coulomb branch and have taken the Q field to vanish; the Higgs branch will be commented on
later.
We will fix and check the dependence of the polynomials P2 and P2 on u1, U2 , A1 and A2 using
the following:
i. U(1) Symmetries
ii. SU(2) 1 ++ SU(2) 2 and t ++ l/t symmetry
iii. Classical limits
iv. Assuming dependence on the strong interaction scale A is through instanton corrections and
arises only through positive integer powers of Abo
v. Removing the middle brane
vi. Comparison with SO(4) with a vector hypermultiplet
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We will determine the curve up to an arbitrary function h(A', A') and an integer p by using the first
four constraints and fix the curve uniquely with the fifth. Since SO(4) with a vector hypermultiplet
is isomorphic to SU(2) x SU(2) with a bifundamental hypermultiplet, we can use the known SO(4)
curve as a check for the SU(2)xSU(2) curve.
U(1) Symmetries
Unlike many K = 1 curves, the U(1) symmetries here are not very restrictive. Because of the
hypermultiplet which couples to both adjoints, the only independent U(1) which helps restrict the
curve (in the Coulomb phase where the VEVs of the hypermultiplets are set to zero) is the U(1)
R-symmetry. However, this is not restrictive in that it is equivalent to requiring all terms in the
curve to have the same dimension.
SU(2) 1 ++ SU(2) 2 and t 44 1/t symmetry
From the brane picture, it is clear that the curve should be equivalent to the curve in which the
role of SU(2) 1 and SU(2) 2 are interchanged if we also take X6 -+ -X 6 , or equivalently t -4 1/t if
the middle brane is at X6 = 0. When we rewrite the curve in terms of t' = 1/t, we get
t + 2 (v,u 1 , u 2, A, A2 ) ,'2 + P 2 (v, u1 ,u 2 , A1 , A2 ) t 1 = 0.k(A 1 ,A 2 ) k(A 1 ,A 2 ) k(A 1 ,A 2 )
Since the middle brane has an equal number of fourbranes attached to it from the left and the
right, it should be at a fixed value of t for large v. We can scale t such that the middle brane is at
t = 1 (X6 = 0). Then t + 1/t corresponds to SU(2) 1 ++ SU(2) 2 . Hence we should have
P 2 (V,u1,u2,Ai,A 2 ) =P 2(vU 2,U,A 2 ,AI)
k(A1 , A2 )
1
=k(A2, A1 )k(A1,7 A2)
Classical Limits
The curve is a function of A1 , A2 , u 1 , and U2 , or effectively three ratios. We can take the classical
limits A1 -+ 0, A2 -+ 0, 1/u 1 -+ 0, where it is understood that this means A1 -+ 0 relative to the
three other dimensionful parameters given above, etc.
A 2 -+ 0
Pulling the rightmost brane to X6 = 00, i.e. taking A2 = 0, we expect to get the curve for an SU(2)
gauge theory with two flavors. The curve should factorize as
4 A2 4
t (t2 A 4(v2 - u, + A21 )t + 4 (v 2 - U2 ) 0,
1 1
where the factor t corresponds to the rightmost brane at X6 = 00 (t = 0) and the rest is the
Seiberg-Witten curve for an SU(2) gauge theory with two flavors with bare masses m and -m such
that u2 = M 2 . Note that the brane at t = 0 is infinitely far away and not relevant.
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A1 -+ 0
Pulling the leftmost brane to X6 = -oc, the curve should factorize as
tI/2 4 2u_ A2)t,+ 4(V2 
_ UI))0Ot' t' A (2 - U2 + )8 + A(2 -3)=0
which is again the brane at X6 = -oo times the Seiberg-Witten curve with two flavors.
At this point, the most general curve we can write down consistent with the above conditions
is
3 4 2 A 9  h(A2,A ) 2t - 2_UI) + A1+ O(U2, U2) . I 2A2 8 J (A)P
4 2 )A+ h(A ,A2) A 2)+
+2 ( U- 2) + +2 1~i 2! t - =0,
Af8(A )p A2
where p is a positive integer. h(A2, A2) is a function such that
h(A ,0) = (A2)p,
h(A 2, A 2) = h(A 2, A 2).
For example, h(A2, A2) could be (A2 + A2)P. In fact, there could in principle be independent
functions hl, h2 , h3 multiplying v2 , u, and A2 . However, there is freedom to redefine u and v
(where the redefinition must agree with their semiclassical definitions in the A1 , A2 -+ 0 limit)
which permits the curve to be written with the single function h (which will in any case be shown
to be trivial in the subsequent section). Notice that the function h cannot be absorbed in u because
the classical limit of the function would not be correct. The function h can exist because in the
presence of two scales A1 and A2 , one can construct dimensionless ratios which are consistent with
the classical limits.
O(u1, u2) are terms of higher order in ui and u2 which vanish in the A2 -+ 0 limit and respect
the SU(2) 1 ++ SU(2) 2 and t ++ 1/t symmetries. The terms should also be taken to respect the
u -+ oc limit not yet discussed, which in practice means u1 must be multiplied by a sufficiently
high power of A2 . Again because we can take dimensionless ratios with good classical limits, there
are many such terms permitted at this point. Although these terms appear strange, one can of
course multiply through so that all the instanton powers appear in the numerator.
By explicitly examining the A1 -+ 0 and A2 -+ 0 limits, it is clear that the curve must have
the correct classical singularities (namely where either of the ui vanish and when u1 = u2). We
demonstrate this explicitly for p = 1.
We will first consider the p = 0 , h(Ay, A2 ) = 1 case, which should manifestly have the correct
classical singularities. As we will show, the singularities of the curve are at ui = U2 and when the
discriminant of the following polynomial vanishes:
Alt3 + (4u 1 -)t2 - (4U2 - 2)t - A2.2 2
The discriminant of this polynomial is
A = 256 1 2 + 288AlA2 1ii 2 + 256A2 1 - 256A1 2 - 27AIA2,
58
A2
where ih = L'- - for i = 1, 2. Now if one includes a nontrivial function h, one in fact obtains the
same classical singularities. For example, consider explicitly the case where p = 1 and h(A , Aj) =
A2 + A2. There are singularities when the discriminant of the following polynomial is zero:
A4  A2  A2  A4
A 3 + (4u 1 - 1)t 2 - (4U 2 - 2)t - 2
A1+ A2 2 2 A+A2
The discriminant is
~ A A4 A 4 A 4 A8 A 8A = 256f'I - 288 2 U1U2 - 256 A + 256 _2 - 27 2(A2 + Aj)2  Af + A2 Af + A2 (A1 + A2) 2
It is clear that this discriminant also gives the correct classical singularities, independent of the
ratio A1 /A 2 . If the leading term in the discriminant is defined without factors of A, it is clear
that the extra terms do involve instanton powers in the denominator; it is not obvious that such
terms should be ruled out as they have a good classical limit and one can write the polynomial
with instanton powers in the numerator. However, we will see in the next section that these other
terms are otherwise excluded.
U1 -+ 00
Another way to obtain the classical limit is to take ui -+ oo. In order to do this consistently, we
-4
need a finite A2 , where A2 = A2ui. Because this amounts to taking A2 -+ 0, it does not provide an
additional constraint on the curve. That one obtains the correct classical limit, zero flavor SU(2)
can be readily seen by scaling t according to t' = ty/ii/A 2 . This limit does constrain the higher
order terms in ui and U2 , but one can still construct functions which survive this limit.
Removing the middle brane
A further constraint on the curve can be obtained by examining the subspace of the moduli space
where the Higgs branch which has SU(2) 1 x SU(2) 2 broken to diagonal SU(2) joins the Coulomb
branch. The Higgs branch arises when Q and Q fields become massless. In an SU(N) theory, this
would correspond to the baryonic Higgs branch. The hypermultiplets are massless when the four
branes on either side of the middle brane align. The meaning of this condition is clear semiclassi-
cally; the quantum mechanical condition is derived from the curve (with a given convention for the
moduli).
In the brane picture, removing the middle brane corresponds to Higgsing the SU(2) x SU(2)
group to the diagonal SU(2) subgroup. We can remove the middle brane if it is straight-this is
the case when the fourbranes of both SU(2)'s are attached to the middle brane at the same point.
A straight brane corresponds to the point where the Higgs branch joins the Coulomb branch.
This should also correspond to a singularity of the curve since this is the point where the quark
hypermultiplet becomes massless. The condition for factoring out a (t - 1) from the curve is
A 2 (A 2)p+l A 2 (A 2)P+1
1- + -h1A2 2) + O(ui, U2 ) = U2 - + 1h2 2) + O(u1 , u 2 ), (4.2)8 8h(Al , A2j 8 8h(Al , A2j
and the curve factorizes as
(t - 1) t2 + (1 4h(A, A2) (_2 _ U + + O(U U ) t + (A2 0.(A 2)p+l 8 
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It is clear that if we pull the middle brane to infinity in the x7 , x8, X9 direction, the brane configu-
ration in the vt plane describes the diagonal SU(2) theory with no flavors. Due to the decoupling
of the Higgs and Coulomb branches, we expect that even as we bring the middle brane to the
same x7, x8, X9 values as the other fivebranes, this should still be the case, i.e. the factor of the
curve multiplying (t - 1) should describe an SU(2) gauge theory with dynamical scale A such that
A2 = A1 A2 . The factor of the curve
+ 4h(AA ) (A AA 2(A )P+i 2- u2+ 2  O(ui u ) t A -o
can be written as
A 2 ' 4h(A , A2) A2(+ A2 ( 1 V2-U+ + O(u,u) i+1=0,(A2)p~l 2 12
where = t. To get the right Seiberg-Witten curve, we need p = 0, h(A2 , A2 ) = 1 and no
terms of higher order in u1 and u2 . We then get
2 A4 (V2 - U) + 1 = 0,
A2
by using A2 = A1A2 , U = u1 + 81 (the moduli have to agree in the semi-classical limit only) and
=A
2
= At. This is indeed the Seiberg-Witten curve for an SU(2) theory with no flavors.
The curve for the SU(2) 1 xSU(2) 2 theory is then uniquely determined to be
3 4 V _ ( A 2 4 AV2 A2
A 2 ) 2+ (-U2)+ A - =0. (4.3)
The condition on the moduli for factoring out a middle brane (or where the Higgs branch joins the
Coulomb branch) becomes
A2 A2
U1 + = U2 + A. (4.4)8 8
We can see that the curve has a singularity for moduli satisfying (4.4). The curve F(t, v) = 0
is singular when
F(t, v) = 0, (4.5)
a (t, v) = 0, (4.6)
a (t , Jv ) = 0 . (4 .7 )
This is satisfied for t = 1, v = U1+2 +6 +16 8 A8 2
Comparison with the SO(4) theory with a vector hypermultiplet
We notice that for A1 = A2 = A, the IV = 2 SU(2) 1 xSU(2) 2 theory with a bifundamental hyper-
multiplet is the same as an SO(4) theory with a vector hypermultiplet. This curve was given by
Argyres, Plesser, and Shapere [351 and is
2 = X(X - 02) 2 (X - 02)2 - 4A 2 X4 (4.8)
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Here #1 and #2 are the semiclassical eigenvalues appearing in the skew-diagonalized adjoint matrix.
Notice that the curve for the SO(4) theory was given as a polynomial whose highest order term is t 2 .
Nonetheless, we will show that the singularities occur at the same locations for the SU(2) x SU(2)
curve (though we do not find an explicit transformation of coordinates).
By identifying the generators of the commuting SO(3) subgroups of SO(4), it is easy to check
that ul = (q1 + 0 2 )2Tr T2 and u' = (q1 - # 2)2 Tr T32. Including a minus sign associated with the
trace, one derives #1 + q = -W(ui + u) and #102 = A(u' - u'). The curve for this theory in terms
of moduli u' and u' (u' and u' should be the same as ui and U2 in the semi-classical limit) is
y2 = P(x) = x (2 +1 (U + U,')X + ( 4 - U'2 ) - 4A 2x 4 .
If the two theories describe the same physics, the singularities should coincide. The singularities of
of the curve occur when the discriminant of P(x) vanishes. The discriminant of P(x) is
-256A4 (U - u') 14(64u3 A2 + 27u1 A4 - 256u2U1
96u'A 2 - 54u'A u'2 - 96u'12A2 + 27A 4 u2 + 64u' A2 )
For A1 = A2 = A, the curve for the SU(2) x SU(2) theory is
3t4 v 2 A 2  4 VAF(t, v) = t - A2 (V2U 8 )t2 A2 U 2 + 8 )t -1 = 0
The singularities of a curve F(t, v) = 0 are given by solutions of equations (4.5-4.7). ( (t, v) =
0 vt(t - 1) = 0 -> v = 0, t = 0, or t = 1. Since F(O, v) = A2 $A0, t $0. Fort = 1, we get a
singularity of the curve at ui = U2 . For v = 0 we get the two equations
F(t, 0) = t 3 ~ 2 (
-
U + A)t2 + 4 (-U + A )t - 1 = 0  (4.9)
c F (t,7 0)
at, = 0 (4.10)at
These two conditions are equivalent to the discriminant of F(t, 0) = 0. The discriminant of F(t, 0)
is
AF(t,o) = -64u 1 u A2 - 64u U2 A2 + 304uA 4 U2 + 256u2u2 + 256u3A 2
-92A u - 25A 6u, - 25A 6 U2 - 92U2A 4 - 3 75 A8 + 256u3A 2165 2 n1 16 2A
If we take u' = u 1 - 8 and u' U2 - -, the two curves indeed have the same singularities.
Notice that the singularity where u1 = U2 corresponds to #1 or 02 vanishing. For the general
SO(N) theory, this singularity is not physical, as can be seen from the fact that the monodromy
associated with this singularity is trivial [35]. That the singularity here is meaningful should be
expected on physical grounds as 0[,2] = 0 corresponds to the restoration of the nonabelian SO(3)
in this case.
We can now write the final result for this curve in a more symmetric way as
2t (2 A2 +A2t 2=.Alt -4(v 2 -u + -)t2 +4(v 2 - 2  -)t-A =0 .
The extension to non-vanishing bare mass mo for the hypermultiplet is trivial; one makes the
substitution u 2 -+ U2 + m.
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4.3 Generalizations
In this section we generalize these results to arbitrary products of A" = 2 SU(n) gauge theories.
For each gauge group there is an adjoint scalar, in addition to which there are bifundamental
hypermultiplets for all neighboring pairs of gauge group factors. For the first and last gauge groups
in the chain we also include fundamental flavor hypermultiplets via semi-infinite fourbranes.
Consider SU(ki) x SU(k 2 ) gauge theory with a bifundamental hypermultiplet, ko flavor hyper-
multiplets of SU(ki) and k3 flavor hypermultiplets of SU(k 2 ). The brane configuration is shown in
Figure 1, with M=2. The simplest guess for a curve which would reduce to our SU(2) x SU(2)
curve is
1 1 A2k2-ki-k3
k 2 ki -k 2 -kokt ki -k2-ko k2 ki-k2-ko k=0, (4.11)1l Alk k-oP~ Alk 7k-k
which is in the conventions used by [63] who proposed this curve based on classical limits. In the
remainder of this chapter we use the notation
k
Pk (v) = det(v - aj) = s Vk-, (4.12)
i=O
Sk = (1)k 1 ai . (4.13)
i1<i2< -- <ik i
The sk above are only defined semiclassically, and so = 1. Because of the quantum mechanical
ambiguity in the definition of these operators, the curves can have different forms corresponding to
O(A) shifts. In cases where there are symmetries, the moduli can be uniquely defined, for example
using the u -+ -u symmetry which motivated our choice of the SU(2) x SU(2) curve.
In principle, the classical limits permit additional terms of the form discussed earlier but we now
argue that these terms are not present by Higgsing a general SU(ki) x SU(k 2 ) theory to SU(2) x
SU(2).
We can Higgs SU(ki) to SU(ki - 2) by giving the adjoint SU(ki) a large VEV of the form
-mD
This also gives masses m and -m to two flavors of the SU(k 2 ) gauge group. The matching of scales
is
A-2 _m2A 2 (4.14)2 2'
where Ai is the scale of the SU(k) theory, Ai is the scale in the SU(ki -2) theory, and the 3-function
coefficients are
,31 = 2k1 - k2 - ko
1 = 2(ki - 2) - k2 - ko
02 = 2k2 - k1 - k3
/2 = 2k2 - (ki - 2) - k3. (4.15)
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The curve (4.11) can be written in terms of the parameters of the Higgsed theory,
1 22 1 Af2
Pkot3 - (v -m 2 )P k-2t2 + ______k2t + Pk= 0. (4.16)
m4VE m5A 31 m6A1
Rescaling = M2t,
Pko + ( 2 m 2 )Pk -22 - Pk2 k = 0 , (4.17)
which reduces to
A32
Pkot - Pki_2 -+ Pk2 - 2 =0. (4.18)
A/31
This is consistent with (4.11) for SU(ki - 2) x SU(k 2 ) with ko flavors of SU(ki - 2) and k3 flavors
of SU(k 2).
We can similarly Higgs to SU(k, - 3)xSU(k 2). We give the adjoint of SU(ki) a large VEV of
the form
2
The matching of scales is given by
2m3)2P i= 3
A& =A2m 1,
2= A 2
where the 3-functions of the Higgsed theory in this case are,
31 = 2(ki - 3) - k2 - ko
2 = 2k 2 - (ki - 3) - k3 , (4.19)
and the curve in terms of = 3 t becomes
9
A'3j3-Pk13 -+Pk 2 t- 2 = 0. (4.20)
A01
Higgsing in these ways we can flow from any SU(ki) x SU(k 2 ) theory to SU(2), except the theory
SU(3)x SU(3), for which a different Higgsing is necessary. Any SU(k) x SU(k) theory can be Higgsed
to SU(2) x SU(2) by Higgsing in succession, as in [63], via an adjoint VEV of the form
/M0 00 0
00 0
)= 0 0M0 0(,
x0 0 0 0-(k -1)m/
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-m 0 0 0 0
0 -M 0 0 0
R 0 0 -MO 0
0 0 0 0 (k - 1)mI
breaking SU(k)xSU(k) to SU(k - 1)xSU(k - 1). Matching of scales in this case is given by
kmANf 1 = Af . (4.21)
In this case, Higgsing also gives masses to the bifundamentals, which we cancel by shifting the bare
masses in the resulting curves by m and -m on the right and left, respectively. With this shift and
the substitution of scales with the effective scales (4.21), the curve (4.11) with k, = k2 = k reduces
to one of the same form, with k -* (k - 1).
So indeed the most obvious generalization of the SU(2) x SU(2) curves are correct, as they flow
smoothly among theories with arbitrary k, and k 2 , whereas theories with additional terms that are
potentially allowed would not have this property.
The extension to more general products of SU(k) gauge groups can be determined by induction
and dimensions. We only consider theories which are asymptotically free or conformal in each
SU(k) factor. We first focus on the case where each of the gauge groups is asymptotically free. The
curve will then contain the appropriate polynomial Pk, (v), given above, multiplying tM-j+1 for the
Hm= SU(ki) theory. If the gauge groups have non-vanishing -functions, the dimensionful Aj must
appear in the curve so as to make the curve dimensionally consistent. As we will show shortly, the
curve is
M-1 M-j-1
tM+lPko (v) - tMPkl (v) + ME 1 (M-j+ M M-n-1)n) =0,+
j=0 n=1
where kn is the number of fourbranes in the nth gauge group factor (n = 1, ... , M), and as before
Pk(v) = det(v - aj) semiclassically. In PkO and Pkm+1 the adjoint VEV's ai are replaced by the
bare masses of the flavor hypermultiplets in SU(ki) and SU(kM), respectively. For the product of
three SU(k) gauge groups (M = 3) the curve is
Pk0 (V 4 - Pk 1 (v )t3 + A Pk2 (v)t2 - A 21 2Pa(v)t + A3,l1 A 2 A 3 P(v)=0. (4.23)1 Pk 1 Pk Mt 1 2 3 P3(V
It is straightforward to check that this curve has the correct limits upon flowing to other
curves. Pulling the rightmost fivebrane to X6 = 00, i.e. taking A3 -+ 0, we are left with the curve
(4.11) for the SU(ki)xSU(k 2 ) theory with k3 flavors of SU(k 2 ) hypermultiplets and k0 flavors of
SU(ki) hypermultiplets (corresponding to the semi-infinite fourbranes in this limit). This is seen
as follows: The polynomials Pk(v) are functions of the adjoint VEV's ai in the semiclassical limit.
By the Higgs mechanism, as the scale A3 -* 0 the k3 flavors of SU(k 2 ) hypermultiplets become
massive with masses mi = ai. Hence in this limit Pk3 (v, si(az)) - Pk3 (v, si(m)), where si are the
moduli which appear as coefficients in the curve. Setting A3 = 0, the curve (4.23) factorizes as
t (Pk(vt 3 - Pk1 (v)t 2 + A01 k 2 (v)t - A21 A Pk3 (v)) = 0. (4.24)
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The factor t corresponds to the fivebrane at X6 = O0, i.C. t = 0. The other factor is the curve
(4.11) (up to rescaling of t) of the SU(ki)xSU(k 2 ) theory with k3 flavors of SU(k 2 ) and ko flavors
of SU(ki), as claimed.
Also as expected, the curve is normalized such that only instanton powers appear. This follows
from dimensional considerations. We choose the coefficients of tM+1 and Pk, (v)tM in the curve to
be one. This fixes the dimension of t to be [t] = k, - ko, and each term in the curve then has
dimension (M+1)ki -Mko. The 6-function coefficient for each group is 03 = 2k" -k,_ 1 -k.+ 1 . In
anticipation of the classical limits we require terms in the curve to be proportional to Pkm-j+1 (V)t.
The coefficient cM-1 of the term Pk 2 (v)tM-1 has dimension [cM-1] 2k1 - - k2= 301- The
dimensions of the coefficients cM and cM+1 are chosen to be zero. The claim is that the dimension
of the coefficient c3 of the term PkM-j+1 (v) ti is
M-j-1
[cj] = E (M-rn-j+1)n (4.25)
n=1
leading to the choice of powers of the scales Ai in (4.22). That (4.25) is valid can be seen most
easily by recursion. The dimension of cj is [c 3] = (M + 1 - j)k - (M - j)ko - km-j+1, so
M-j-1
[cj] - [cj+1] = On =3ki - ko + kM-j - kM-j+1 . (4.26)
n=1
With [cM] = 0, (4.25) follows.
It is convenient to redefine t in order to test other limits of the curve. For an even number of
SU(k) factors we can write the curve in a symmetric way by rescaling t -+ t t F1 1 2 A For
example, we can write the curve for the product of four SU(k) factors as
Pko A3 21 t - A Pkst'4 ± Pk2  - Pkst'2 + Al"Pkat' - A 3A Pk5 = 0. (4.27)
If we make the further rescaling t = A t' and take A3 -+ 0 we are again left with the SU(ki) x
SU(k 2 ) curve with k3 flavors of SU(k 2 ) and ko flavors of SU(ki), as expected. In this form we also
see that as A2 -+ 0 the curve reduces to that of the SU(k 3 ) x SU(k 4 ) theory with k 2 flavors of SU(k 3 )
and k 5 flavors of SU(k 4 ) hypermultiplets, as expected. Other classical limits follow from further
rescalings of t by powers of the scales, and the passage to arbitrary number of SU(k) factors follows
by induction.
It is also interesting to explore the case where some or all of the / functions vanish. When this
happens, one expects the branes to be parallel asymptotically, and that the asymptotic separation
between the branes Ax 6 will correspond to 1/g 2 , where g is the SU(n) coupling. We study the
SU(2) theory, however, and find that the separation of the branes at weak coupling agrees with
expectations only up to a constant which does not vanish at weak coupling. However, if we interpret
r appearing in the curve as the effective U(1) coupling of the massless version of the theory, as
opposed to the SU(2) coupling, as proposed by Dorey, Khoze, and Mattis [67], we find that this
numerical constant is absent and a consistent leading order result is obtained.
Let us first construct the extension of our curve to the case with vanishing 3-function at weak
coupling for some of the SU(k) factors, which follows by the replacement of the P(v) and scales in
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(4.22) with certain modular forms. A proposed curve for the K = 2 SU(n) theory with 2n flavors
was written down in [46]. In the present language, the curve can be written
[ q n ni)2n
[-2 Pn(vl(q)si(ai))+ 4j Zv si(mi) t+L(q)](v+1(q)mi)=0, (4.28)
t=0 i=1
where si are, as before, the symmetric polynomials
sk = (-1)k S ai ... aik (4.29)
il<..<ik
q = eilTT, 1(q) is a modular form which approaches 1 as q - 0, and L(q) is a modular form
of weight zero which approaches 64q for small q. 2 According to [46], T is the SU(n) coupling
r = 87ri/g 2 + /7r; however there is freedom to redefine r so long as it agrees at weak coupling. For
SU(2), L(q) and 1(q) were given in [46] to be
40o
L(q) = , 1
8
l(q)=01 (4.30)
where the theta functions are
0oo(q) = E q5 2
nEZ
Ooi(q) = 2 2
nEZ
010(q) = E q(f 2  (4.31)
nGZ
It was shown in [46] that (4.28) flows to the right limits as flavors are integrated out. It should
be noted that this flow determines the leading term of the function L(q), independent of the full
functional form.
In fact, we have checked that the discriminant for this curve agrees with the discriminant of the
curve in [41] to subleading order after a redefinition q = q,,(1 - 42q,"), where qs appears in the
curve of [41].
If the curve (4.28) is correct, the generalization of our curve including SU(k) factors with
vanishing -function, follows by the replacement
At- L(qi)
Pk(v,si(ai)) -Pk(v,l(q)si(ai)+ (q) VN-isi(M
i=O
One can check that in the weak coupling limit, the curve (4.22) with the above replacements
reduces appropriately just as for the case of nonvanishing 3-function, and similarly for the Higgs
limit. Integrating out flavors works just as in [46].
2One should note a typographical error in [46], which states that L(q) -+ q as opposed to 64q in this limit.
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We now consider the distance between the branes according to the above curve for an SU(n)
factor with vanishing beta function. For large v, corresponding to the region far from the posi-
tions of the fourbranes, the curve (4.28) for the SU(n) theory with 2n flavors factorizes (after the
replacement t -+ t/v"c) as
VNc (t2 - 2(1 + L(q)/4)t + L(q)) = 0. (4.32)
The solutions for t are the asymptotic positions of the fivebranes,
t+ = (1 + L(q)/4) ± (1 - L(q)/4), (4.33)
with the ratio
t- - L(q) (4.34)
t+ 4
For SU(2) in the weak coupling limit, L(q) -4 64q and the distance between the branes,
Ax 6 = log(t /t+) -* log q + log16, (4.35)
is proportional to the SU(2) coupling constant r = (1/27ri) log q up to a shift by logl6/27ri.
Now, the relation A = 64mq defined the renormalization scheme, but there is still freedom
in the interpretation of q. Although it was implicitly identified with the SU(2) coupling, the
scheme in which this is true was not explicit. The discrepancy found above indicates that in the
renormalization scheme used for the Seiberg-Witten curve, the parameter q which appears differs
by a constant factor from qsU(2), where qsU(2) = erTsU(2) and rsU(2) is the SU(2) gauge coupling
in the SW scheme. In other words, gS, is a power series in gsU(2)- The SW coupling can also be
interpreted as the SU(2) coupling, but in a different renormalization scheme.
Dorey, Khoze, and Mattis find a similar discrepancy, in their case between the SW curve and
direct instanton calculations. They suggest that the parameter r should be identified with the
U(1) coupling of the massless theory, as opposed to the SU(2) coupling. In the SW renormalization
scheme, the matching to the three flavor theory was given by A = 64mq,.. They argue that
qsw = qsu(2)/1 6 . This is precisely the numerical discrepancy we find in the distance between
branes, and seems to support the interpretation of [67]. However, the redefinition of coupling given
in [67] does not appear to work at higher order; we find that the redefinition of r involves a single
instanton correction, which does not appear in [67], who argue that only even instanton corrections
should be present.
It seems that these discrepancies can only be resolved with a clear identification of the physical
predictions of the curves, an identification of the parameters appearing in the curves, and a better
understanding of the implications of modular invariance. We do not have a resolution of the
discrepancy found above, but find the leading order result suggestive.
4.4 Conclusions of Chapter 4
We have determined the coefficients in the Seiberg-Witten curve for K = 2 supersymmetric SU(n)
product group theories with bifundamental and fundamental hypermultiplets from a brane con-
struction. The curves are non-hyperelliptic, and the result is one that would have been difficult to
guess solely from field theoretic considerations. These curves are the obvious generalization of some
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of the results of [63], and we demonstrate from comparison of field theoretic and brane limits that
the most natural ansatz is the correct one. Presumably the moduli dependence of other curves can
be derived similarly; furthermore our result could be useful for constructing new .A = 1 curves.
5 Gauge Coupling Functions of Orbifold Field Theories
It has been shown that a procedure analogous to orbifolding in string theory, when
applied to certain large N field theories, leaves correlators invariant perturbatively. We
test nonperturbative agreement of some aspects of the orbifolded and non-orbifolded
theories. More specifically, we find that the period matrices of parent and orbifolded
Seiberg-Witten theories are related, even away from the 't Hooft limit. We also check
that any large N theory which has an infrared conformal fixed point and satisfies certain
anomaly positivity constraints required by theories with fixed points will continue to
satisfy those constraints after orbifolding. We discuss extensions of these results to finite
N.[68]
Motivated by a correspondence between certain supergravity theories and large N conformal
field theories [69], and the preservation of this correspondence upon orbifolding of the supergravity
theory [70], a relation between field theories and their orbifolds was derived in [71]. It was shown
that at large N all correlators of the orbifolded theory are simply related in perturbation theory
to the same correlators in the parent theory. Although we will continue to use the term "orbifold"
interchangeably for this procedure acting on field theories and on a supergravity or string theory
background, for us orbifolds of field theories do not include twisted sectors or anomalous U(1)'s.
In Sec. 5.1 we review orbifolding in field theories, and in Sec. 5.2 we discuss the perturba-
tive result of Bershadsky and Johansen. In Sec. 5.3 we study nonperturbative extensions of this
correspondence between field theories and their orbifolds. The result is that if a supersymmetric
theory and its orbifold have Coulomb branches, the Seiberg-Witten period matrix of the orbifolded
theory is simply related to that of the parent theory. This relation is valid for all N and coupling
g. In Sec. 5.4 we study the anomaly positivity constraints [4, 1] on supersymmetric theories with
infrared fixed points and find that they are satisfied in orbifolds of large N theories with infrared
fixed points. We study two classes of theories at finite N and find that the positivity conditions
hold for orbifolds of these theories, as well. Conclusions are summarized in Sec. 5.5.
5.1 Orbifolding in Field Theory
By orbifolding in field theory, we will mean removing from the theory all states which are not
invariant under some discrete subgroup of the internal symmetry (gauge and global) of the theory
(perhaps truncation is a more appropriate term but we will continue to use orbifolding). Unlike
orbifolding in string theory, we do not orbifold space-time so we will look at quantum field theories in
flat four dimensional Minkowski space. In cases where the four dimensional theory can be realized
as a world-volume theory on D-branes which are part of some brane configuration, orbifolding
the space transverse to these branes corresponds to orbifolding the field theory which lives on the
world volume of the branes except that we do not include the twisted sector fields in the field theory
orbifold [72]. There are various restrictions on the type of orbifolds allowed which come from string
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theory consistency requirements such as tadpole cancelation. From the field theory point of view,
the only restriction is from the requirement that the orbifolded field theory does not have any gauge
anomalies. We will now discuss some examples of orbifolding in field theory. We will always use
the regular representation (see below) of the orbifold group G to embed it in the gauge group. If
the field theory is realized as a world-volume theory in some brane configuration, this requirement
comes from the consistency of string theory. The importance of the regular representation is not
clear from a purely field theoretic point of view. However, it simplifies the analysis in perturbation
theory [71]. We can also embed G in the global symmetries of the theory. Different embeddings in
the global symmetries will lead to different orbifold theories.
SU(kN) pure gauge theory orbifolded by Zk
As discussed above, Zk is embedded by its regular representation in the gauge group. In general, a
discrete group G = {91, 92, - - -, } has a regular representation given by k x k matrices -y' defined
by gagi = 9i (ya)j,. Using the fact that g9ga = g unless ga = 1 (1 is the identity element of the
group which we will denote by gi), we get
Tr Ya = k6o.
It is easy to show using simple group representation theory that the regular representation is
reducible and by a suitable change of basis can be brought to a block diagonal form such that each
irreducible representation Ri appears with multiplicity equal to its dimension di = dim(R) along
the diagonal. This implies that Ej d? = k. For the group Zk, in an appropriate basis, the regular
representation matrices are given by
ya = diag{1, (Wa), (pa)2 ... (a )k-1}, a 1,
y1 = diag{1, 1, 1, ... ,i}
where w = e 2?i/k and wk = 1. Now it is easy to embed the group Zk in the gauge group SU(kN).
The matrices,
Ia = diag{1, (Wa) x X N, (Wa) 2 x iN ... (wa k-1 X 0N}, a # 1,
F' = diag{1N, 1 N, 'N, 1  . , I1N}
form a Zk subgroup of SU(kN). This means that the action of the orbifold group on the gauge
field matrix A =A is given by AIN . The components left invariant by the orbifold
group can then easily seen to be N x N blocks along the diagonals. Hence the gauge group of the
orbifolded theory is SU(N) x SU(N) x ... xSU(N) (k factors of SU(N)). Here, as mentioned in the
introduction, we ignored anomalous gauge U(1)'s.
SU(kN) theory with Adjoint scalars orbifolded by Zk
Now consider an SU(kN) gauge theory with complex scalars <P in the adjoint representation of the
gauge group. This theory has a U(1) global symmetry D -+ es"<h. We can embed Zk non-trivially
in this global U(1) group as {wi, j = 0... k - 1} where w = e2,i/k. It is easy to check that the
invariant scalars are in N x N blocks shifted to the right of the diagonal. The matter content of
the orbifolded theory is shown below (for k = 4).
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SU(N) SU(N) SU(N) SU(N)
S1 1
1 LI II 1
1 1 LI E
1 1 E
K = 2, SU(kN) pure gauge theory orbifolded by Zk
In K = 1 language, the K = 2 pure gauge theory has a vector superfield and a chiral superfield
in the adjoint representation of the gauge group. This theory possesses a global U(1) symmetry
under which the gauge field and its fermionic partner transform as (Ap, A) -+ (Ap, A), and the
adjoint scalar and its fermionic partner as (0, 0) -+ ea(#, 4). This symmetry is anomalous but
there is a discrete non-anomalous subgroup Z2kN, which in turn has a Zk subgroup generated
by w = e2 i/k. We identify this Zk with the orbifold group. The gauge group is embedded via
the regular representation as usual. It is easy to see that the orbifolded theory is an K = 1
supersymmetric SU(N)k theory with chiral multiplets transforming as in the table above. We will
discuss the relation between the two theories in the Coulomb phase in Sec. 5.3.
K= 1, SU(kN) theory with kF flavors orbifolded by Zk
This theory has a SU(kF)L xSU(kF)R global symmetry and we use F-fold copies of the regular
representation to embed the orbifold group Zk in each factor of the flavor group. We first embed
the orbifold group trivially in the other global symmetries (various U(1)'s). The orbifolded theory
is K = 1 supersymmetric SU(N)k theory where each factor is disconnected and has F flavors.
We can also choose to embed the orbifold non-trivially in the U(1)R symmetry under which the
gauginos and flavors have charge +1 (implying that the fermionic quarks are uncharged) (this theory
is discussed in detail in [731). This symmetry is anomalous but has a non-anomalous ZkN subgroup
which in turn has a Zk subgroup. This we identify with the orbifold group. We will use Q,Q,
D, for the scalar and fermionic components of the superfields transforming in the fundamental
and anti-fundamental representation of the gauge group. Then, under the orbifold group, the fields
will transform as A-+ FIA t 7 A -+ wa-- 1 Ja A-Fa, Q -+ w-1J7a QT0 , Q a*a-laQra
T - raxp~at at ppa _7i/4' - JN F, and 4' -+ N F' where w = e2xi/k. The orbifolded theory has no supersymmetry
and the following matter content (for k = 3).
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Orbifolding E= and R under SU(kN) by Zk
The symmetric tensor may transform under some global U(1) as ( ) - eil
the orbifold group trivially in this U(1), = (B) under SU(kN) will become ELI
( ). If we embed
under each of
the factors of SU(N)k. However, if we choose to embed it non-trivially as {wi, j = 0 .. .k - 1}, we
get bifundamentals under the k factors if k is odd and bifundamentals under k - 1 factors and
() under one of the factors if k is even.
5.2 Perturbative Correspondence between Parent and Orbifolded Theories
In this section, we review some of the arguments by Bershadsky and Johansen [71] who proved that
at large N, all correlators of the orbifolded theory are identical to the corresponding correlators
in the parent theory upto a rescaling of the coupling constants. In the orbifolding procedure, the
coupling constants gorb of the various factors of the product groups are the same as that of the
parent theory. However, if we define g2rb = kg2 , the correlators of the two theories are identical.
We define a projector onto states which are invariant under the orbifold group by
k
P = E.ra, (5.1)
a=1
where ra are matrices in a particular (generally reducible) representation of the orbifold group. It
is easy to show that P 2 = P and P = 1 in the trivial representation and that P = 0 in all other
irreducible representations. Thus when acting of some field in representation R, the projector
projects the invariant components. For example, for adjoint fields, the projector can be defined as
(5.2)1 kP = k S ra 0 ra 0 ra
a=1
where ra is the action of the Zk subgroup of the global symmetry, IN acts on the anti-fundamental
index and Fa acts on the fundamental index. At large N, the perturbation series is dominated by
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Figure 2: A two loop planar Feynman diagram
planar Feynman diagrams with arbitrary number of loops[74]. Each diagram factorizes into product
of certain kinematic (group theory) factor and another factor with complicated momentum and spin
dependence which is independent of the internal symmetry structure of the diagram. Consider the
planar diagram shown in Fig. (2). The group theory factor is
41 k
g5 E Tr [T1FardT2Feec] Tr []Fb]atl Tr [F F F ] (5.3)
a,b,c,d,e=1
For simplicity, we are assuming that the orbifold group is embedded trivially in the global symmetry
group. Since the matrices, F are in the regular representation, the diagram is zero unless
ftftft = 1
c b a
and
Fbrtrt - 1.
It is then easy to see that (5.3) becomes
gN 2 Tr (TT 2 ).
The same diagram in the parent theory will be proportional to
gN 2k 2 Tr (T 1T 2 ).
The factor of (Nk) 2 comes from summing over Nk particles running in the two loops. The mo-
mentum and spin dependence of the same diagram in both theories are identical so we see that the
two diagrams are the same upto rescaling of couplings. The general proof is given in [71] and [73].
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5.3 Orbifolds of Seiberg-Witten Theories
As discussed in the last section, it has been demonstrated that, at least perturbatively at large N,
all correlators of the orbifolded theory are equivalent to the corresponding correlators in the parent
theory up to a rescaling of the gauge coupling at some fixed large scale, e.g. the Planck scale. In
this section we demonstrate that at least one aspect of the non-perturbative behavior of orbifolded
and parent theories are related at large N, namely the gauge coupling functions of Seiberg-Witten
theories. In the 't Hooft limit g2 N is held fixed with g -+ 0. Then instanton corrections, which are
87r2
proportional to powers of e g2 , are generally negligible. Exceptions which involve Nth roots of
instanton corrections, for example the gaugino condensate [73], are non-vanishing in the 't Hooft
87r2
limit and vary as e ~9 5N. Furthermore, as discussed in [75], monopoles which become massless at
large N lead to important nonperturbative effects. We find a simple relation between the (inverse)
gauge coupling functions of the parent and orbifolded theories nonperturbatively for all N and g.
For simplicity we study the case where the curves for the orbifolded and parent theories are
hyperelliptic. Then the gauge coupling function at generic points in moduli space, where the gauge
group is broken to a product of U(1) factors, is given by the period matrix of the corresponding
curve and is easily expressed in terms of integrals over cycles of the curve. The hyperelliptic curve
[76, 77] can be written in the form
y2 = f2r+2(X, si), (5.4)
where the subscript 2r + 2 is the order of the polynomial f in x and r is the genus of the curve,
which for pure K = 2 supersymmetric Yang-Mills theory is equal to the rank of the corresponding
gauge group. The moduli si (i = 1, . . . , r) which parameterize the Coulomb branch are the vacuum
expectation values of the symmetric gauge invariant operators of the theory.
In [72] a prescription was given for generating the curves for K = 1 supersymmetric SU(N)k
gauge theory with bifundamental chiral multiplets from those of the K = 2 SU(kN) pure gauge
theory by orbifolding the M = 2 theory by the Abelian discrete group Zk. The curve of the
orbifolded theory, which was obtained by other means in [40], was obtained by keeping only those
terms of the parent theory with moduli invariant under the Zk, and rescaling x -+ xk in the resulting
curve.
We demonstrate here how the period matrix of the curve corresponding to the orbifolded theory
is related to that of the parent theory. To be specific we will consider orbifolding of an SU(kN)
gauge theory by Zk. The genus r curve (5.4) (r = kN - 1 here) has 2r cycles which are divided
into a cycles and b cycles with symplectic intersection ai - bj = Jij and ai - a3 = bi - bj = 0. In our
case the cuts on the x-plane will have a Zk symmetry, and we label cycles schematically as follows.
We choose a non-symplectic basis of cycles (ai, /i) as in Fig. 3. Then the appropriate symplectic
basis is ai = E= 1 ak, bi = /i. The subset of cycles relevant for comparison with the orbifolded
theory are shown in Fig. 4. They correspond to the Zk invariant a cycles, as discussed below.
The genus r hyperelliptic curve also has a basis of r holomorphic differentials which can be
written
xi-1 dx (55)
y(x)
The matrices of a periods and b periods of the curve are given by integrals of the differentials (5.5)
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Figure 3: A non-symplectic basis of cycles. On the orbifold sector of moduli space the cut x plane
is symmetric under the orbifold group, in this case Z3.
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over the a and b cycles, respectively,
Aij = jw, Bij = Wj. (5.6)
The period matrix of the curve (5.4) is then given by
1= BjkA-| (5.7)
The identification of the period matrix ri of the hyperelliptic curve with the gauge coupling function
in the K = 2 SU(kN) theory is made via [41, 46, 47]
aaD
Tj1 = , i(5.8)
where a, is the vacuum expectation value of the diagonalized adjoint scalars and aD are their
duals as described in [41]. Then if for some curve the period matrix (5.7) satisfies appropriate
monodromies around the singularities of the curve, then comparing (5.7) and (5.8) it is natural to
set
a Wk, =aa _ f Wk. (5.9)
ask lbj 19k aJ
Then the orbifold invariant sector of the adjoint VEV's a corresponds to the invariant sector of
a cycles and differentials. Alternatively, the VEV's are given directly by integrals of the Seiberg-
Witten differential [75] A = (1/27ri)(x/y)dP(x) where P(x) is the polynomial that appears in the
curve y2 = P(x) 2 - A2 N of the K = 2 pure gauge theory. Since the Seiberg-Witten differential
is not invariant under the Zk symmetry, only the integrals over the Zk invariant cycles will be
invariant. Hence, the invariant a3 correspond to the invariant a cycles. As matrices, we reorganize
the periods in a convenient way: The first (N -1) x (N -1) block of A 1 corresponds to the orbifold
invariant sector, which we will continue to call Akm,kn.
In order to compare corresponding points in the moduli space of the orbifolded and parent
theories, we set all non-invariant moduli in the parent theory to zero. We then study that sector of
the gauge coupling functions of the parent theory that correspond to the U(1) gauge group factors
that survive on the moduli space of the orbifolded theory. In the basis of cycles described above,
these factors correspond to Trj for j and I equal to multiples of k, where k is the order of the orbifold
group Zk. It is claimed that this sector of the inverse period matrix of the curve corresponding
to the parent theory is related to the period matrix of the orbifolded theory. This is verified as
follows.
We can think of the curve y(x) as being defined on a double sheeted cover of the cut x-plane
with branch points at the roots of y(x) connected pairwise to form branch cuts. On the orbifold
sector of the moduli space of the parent theory the curve is a function only of Xk, and the roots are
of the form xk = pi. The roots can then be labeled by pi and a k-th root of unity. The branch cuts
and cycles on the x-plane can be distributed as in Figs. 3 and 4. The roots of the orbifolded curve
are then given by pi. The holomorphic differentials (5.5) corresponding to the orbifolded sector are
of the form
xki-l dx
Wkj = k) j=1,... ,r. (5.10)
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Figure 5: Cycles of the orbifolded theory.
These differentials are invariant under multiplication of x by e2mri/k, so the integrals over the a
and 3 cycles in Fig. 3 are invariant under similar rotations. The noninvariant differentials are all
multiplied by e2mri/k for some integer m under multiplication of x by e2,i/k. Then the integrals of
the noninvariant differentials over the invariant a cycles vanish. For example, suppose w -+ we
2
mri/k
when x -+ x e 27i/k. Then
k-1I =nonv (Z e k ) / nonin = 0. (5.11)
Now, consider the invariant sector of the matrix Ajj of a periods. It is given by
Ak3jk - -k-ldx = Lk3jky- y (Xk) ak y(J
I f~ (5.12)
=Aorb,
where in the first line of (5.12) we changed variables x -+ ir = xk, and the cycles a. are the a cycles
of the orbifolded theory, drawn schematically in Fig. 5. An additional factor of k arises in the
second line because the invariant a cycles become a sum over the a cycles of the orbifolded theory
k times. Hence, the orbifold invariant sector of the a periods of the parent theory is equivalent
to the matrix of a periods of the orbifolded theory. Hence, the matrix Aj1 takes the block lower
triangular form
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t
Aorb
fanon Winvl
0
0
0
0
0
0
anon Wnonin
0j
0)
\ (5.13)
A similar analysis applies to the b periods. By invariant b cycles we will mean those b cycles
that have intersection with the invariant a cycles, and similarly for noninvariant b cycles. In this
case, the integrals of the invariant differentials over the noninvariant cycles vanish. The reason is
that the integrals are all of the form
1/k xkj-ld
11/ y(Xk) (5.14)
for some root pi of y(x). Then letting x -+ xk the path of integration contracts to a point, and the
integral (5.14) vanishes.
In the basis of cycles and one forms given above, the invariant sector of b periods of the parent
theory is simply rescaled compared to the b periods of the orbifolded theory,
B k1 I -dzBkj,kl = fhJY (Xk)
1 1d
= fhy. k y
I orb
k Bj'
J 1-kdX
ffik k y (.;)
(5.15)
There is no additional factor of k in the second line of (5.15) as in (5.12) since the relevant b cycles
of the parent theory corresponds to single b cycles of the orbifolded theory and not a multiple cover
as for the a cycles. Hence, the matrix of b periods takes the block upper triangular form
(
(}Borbkj
/0 - -0 \
0 ... 0
\0 -- 0/
(fbinv Wflofllfv
Afn on Wfloflifl
\)I
The orbifold sector of the inverse (or dual) period matrix, T- 1 =
then simply related to that of the orbifolded theory. Namely,
(5.16)
j
AB- 1 , of the parent theory is
- parent = -I orb
'Tkjkl = j I~~ (5.17)
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Therefore, the period matrix of the orbifolded theory is determined by that of the parent theory.
This is the main result of this section. Equation (5.17) relates the gauge coupling functions of
the orbifold theory and the orbifold sector of the parent theory. It is valid for all N and g, and can
be extended to more complicated orbifolds.
5.4 Anomaly Positivity Tests
In a series of papers [4, 1] it was demonstrated that in supersymmetric theories at conformal fixed
points there are constraints on global anomalies which follow from unitarity. The argument relies
on the supersymmetry multiplet structure which mixes the R-charge anomaly and the stress tensor
trace anomaly, and positivity of central functions which appear in the operator product expansion
of a product of two currents. At conformal fixed points these central functions are central charges
which can be calculated in terms of global anomalies by 't Hooft anomaly matching. This procedure
is not valid away from a fixed point because corrections to the relation between the central functions
and anomalies are proportional to the 3 function [1]. The argument can be reversed to give evidence
for or against the existence of a conformal fixed point in a theory. One assumes that a theory has a
fixed point and calculates the various central charges in terms of 't Hooft matched global anomalies.
If a central charge calculated this way is negative, then the theory could not have a conformal fixed
point. If the central charge is positive when calculated this way, then a strong statement cannot
be made, but positivity provides weak evidence for the existence of a conformal fixed point.
The Weyl anomaly coefficient, which must be positive at an infrared fixed point, can be written
in terms of the U(1)3 and U(1)R anomalies as
R U(1)3 4dimG + (dimR)(1 - r)(5 -9(1- )2) (5.18)
where dim G is the dimension of the gauge group and the sum is over all representations Ri of matter
chiral multiplets in M = 1 language with R-charges ri. For example, for K = 1 supersymmetric
SU(N) QCD with Nf flavors of chiral multiplets, the 't Hooft matched R charge of each flavor is
Nf -N The Weyl anomaly coefficient is [1]Nf [I
C QCD = 4 (N2 - 1) + 2NNf ( )(5-9( )2), (5.19)dIR 32 (N 1  N 1 ]
which is easily checked to be positive in the conformal region 1 < Nf < 3N.
If the theory has a global flavor symmetry, then the flavor central charge is required to be
positive. At a conformal fixed point it is given by
bIR = -3U(1)RF 2 = 3 Z(dim R)(1 - ri) pi, (5.20)
ii
where pi is the Dynkin index of the representation Ri.
The Euler anomaly coefficient a, which is believed to satisfy the Zamolodchikov C theorem in
four dimensions [6, 1, 78], is also expected to be positive at fixed points. In addition, the C theorem
requires that the flow of the Euler anomaly be positive: auv - aIR > 0. The relations between the
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Euler anomaly and the R current anomalies are [1],
3 3(
aIRs= (3U(1)3 - U(1)R) = 3 2 dim G + (dim R)(1 - r)(1 -3(1 r)2) (5.21)
1a32 IR 32 - ( 
- (l(.1
auv - aR =96 Z(dim R)(3ri - 2)2(5 - 3ri). (5.22)
Assume a theory that flows to a conformal fixed point in the infrared has a unique anomaly free
R symmetry. Then the positivity conditions are satisfied in that theory. If we consider orbifolding
that theory, then the positivity conditions will remain to be true at large N. This is the case
because the dimension of the orbifolded group at large N is rescaled by 1/k, as are the dimensions
of each matter representation. The anomaly free R-charges remain the same in this procedure.
Hence, CIR is rescaled by 1/k in the orbifolded theory, but otherwise is the same as CIR in the
parent theory. Hence, positivity is preserved at large N. That this is true for all theories which are
obtained as orbifolds of theories with conformal fixed points provides evidence that the orbifolded
theories also have conformal fixed points, as expected by the large N orbifold correspondence. One
should note that the anomaly positivity conditions of [4, 1] rely on supersymmetry, so we only
consider orbifolds to supersymmetric theories. The anomaly calculations do not rely on a planar
diagram expansion, so this result is valid also away from the 't Hooft limit at large N.
In our canonical example, large N, K = 2 SU(kN) pure gauge theory orbifolded by Zk to .A = 1
SU(N)k with bifundamentals, the dimension of the parent gauge group is (kN) 2 , whereas in the
orbifolded theory it is N 2 for each SU(N) factor, or kN 2 total. Similarly, there are k bifundamental
chiral multiplets in the orbifolded theory, as opposed to one adjoint chiral multiplet in the parent
theory. The dimension of each of the k bifundamentals is N 2 , so again the dimension of the
representation is rescaled by 1/k in the orbifolded theory compared with the parent theory. The
anomaly free R charges of the adjoint chiral multiplet in the parent theory and the bifundamental
chiral multiplets in the orbifolded theory are 0.
At finite N the anomalies are not simply rescaled by 1/k, so the above discussion of preservation
of the positivity conditions does not carry through. This might be related to the problem of
additional U(1)'s that appear in the orbifolded theory which decouple at large N, but not otherwise.
If we naively add one U(1) gaugino for each SU(N) or SU(kN) factor, then the anomalies would be
simply rescaled by 1/k as for large N. Although positivity in orbifolded theories is not guaranteed
as it is for large N, we have surveyed orbifolds of a few theories with duals in the conformal regime
and have not found violation of any of the positivity conditions in any of those orbifolds. A theory
which were to violate positivity would imply a violation of the orbifold correspondence at finite
N, since then orbifolds of certain theories with infrared fixed points would not have infrared fixed
points and correlators of these theories in the infrared would not match.
In [4, 1] sufficient conditions on the R charges ri of the chiral multiplets in an K = 1 theory
were given for the various positivity conditions to be met. Since orbifolding does not change the
R charges, if a parent theory satisfies these sufficient conditions then so will the orbifolded theory.
The result of [1] was that in all renormalizable models studied there the flow aUV - aIR satisfied the
sufficient condition for positivity ri < V'5/3 for all chiral superfields 0j; in all models not requiring
an accidental U(1) symmetry for unitarity, bIR and CIR were positive by virtue of 1- v/5/3 < ri < 1
for all 0j. Hence we only need to check positivity for aIR, and for bIR and CIR in theories with
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accidental U(1) symmetry. What follows is two simple tests that we have done. It would be useful
to continue this program by testing the positivity constraints for orbifolds of other theories.
In the conformal region of K = 1 supersymmetric SU(kN) gauge theory with kNf flavors,
3Nc/2 < Nj < 3Nc, the anomaly positivity conditions were shown to be satisfied in [1]. If the
theory is orbifolded by embedding the orbifold group trivially in the U(1)R, then the orbifolded
theory is described by k copies of K = 1 SU(N) gauge theory with Nf flavors. This theory is also
in the conformal regime and satisfies the anomaly positivity conditions.
Matter content of Kutasov-Schwimmer models.
SU(Nc) SU(Nf)Q SU(Nj)Q U(1)R
Q1- 2N LI _ _- (k+1)Nf
X adj 2
____ ________ __ ________ 
k±1)N
The Kutasov-Schwimmer models are given by the matter content and charges in the table above.
We have taken the superpotential to be W = Tr X 3 , where X is the adjoint chiral superfield. An
orbifold preserving the K = 1 supersymmetry of those models is obtained by embedding the orbifold
group in the gauge and global symmetries as for the SQCD case described above, and then the
adjoint chiral multiplet decomposes into an adjoint under each of the SU(N) factors of the orbifold
theory. By explicit calculation we find that for all Nf and N, in the conformal region without
accidental symmetry, N, < Nf < 2N, the anomaly positivity conditions are satisfied.
These results provide evidence that orbifolds of theories with fixed points have fixed points
themselves, also hinting at a correspondence between certain theories and their orbifolds, even at
finite N. A more complete study would be useful. Comments on the ADS/CFT correspondence at
finite N were made recently in [79].
5.5 Conclusions of Chapter 5
We have demonstrated a simple relation between the gauge coupling functions of K = 2 SU(kN)
pure gauge theory and K = 1 SU(N)k gauge theory with bifundamental chiral multiplets. If the
prescription given in [72] is generic for producing Seiberg-Witten curves of orbifolded field theories
with a Coulomb branch, then this result is valid for all such theories. The problem of anomalous
U(1)'s has not been satisfactorily understood in generic orbifolds of field theories. In the case
studied above, the problem of anomalous U(1)'s is compensated for by axions in the twisted sectors
of the orbifold theory [72]. In that case, the curves obtained are those of the orbifolded theory
without the additional U(1)'s or twisted sector fields, as derived in [40]. It is not known to us
whether this behavior is generic. This demonstrates a correspondence between one aspect of the
orbifolded and parent theories at finite N. It is not know to us whether the Kahler potentials for
the two theories behaves similarly.
We studied the anomaly positivity constraints [4, 1] on theories with infrared fixed points and
found that at large N these constraints are satisfied also in field theory orbifolds of such theories.
At finite N we studied two classes of theories and their orbifolds and found no violation of the
positivity constraints in the orbifolded theories. This provides some evidence that orbifolds of
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theories with conformal fixed points have conformal fixed points themselves, in keeping with the
parent/orbifold correspondence.
6 Marginal Deformations from Branes, Orbifolds and Conifolds
We study brane configurations for four dimensional A=1 supersymmetric gauge theo-
ries with quartic superpotentials which flow in the infrared to manifolds of interacting
superconformal fixed points. We enumerate finite A=2 theories, from which a large
class of marginal N=1 theories descend. We give the brane descriptions of these theo-
ries in Type IIA and Type IIB string theory. The Type IIB descriptions are in terms of
D3 branes in orientifold and generalized conifold backgrounds. We calculate the Weyl
and Euler anomalies in these theories, and find that they are equal in elliptic models
and unequal in a large class of finite A=2 and marginal N=1 non-elliptic theories.[80]
Finite theories in four dimensions have a rich structure, much of which has been a subject of
recent interest. Finite gauge theories having vanishing 3 functions and anomalous dimensions are
conformal, and without divergences when a perturbative expansion is valid. Such theories contain
dimensionless parameters which are independent of scale and couple to marginal operators. Finite
theories often belong to a continuous manifold of scale invariant theories. The flow along these
theories is characterized by a number of marginal operators equal to the dimension of the manifold
of fixed points. Those marginal operators which when added to the action of a conformal theory
generate a flow along the manifold of fixed points are called exactly marginal operators [81]. Certain
four dimensional field theories, although having a manifold of conformal fixed points, do not have
the property that all anomalous dimensions are zero. These theories are not finite by the definition
above, but in the infrared they contain some number of exactly marginal operators.
One way of generating theories with marginal deformations is to start with a theory with
negative # functions, and perturb it by an irrelevant operator in the ultraviolet. In some cases,
upon flowing to the infrared the irrelevant deformation develops a negative anomalous dimension
in such a way that it becomes marginal.
We study .A=1 supersymmetric gauge theories with quartic superpotentials and marginal de-
formations in the infrared. A large class of such theories are obtained from finite K=2 theories by
integrating out the adjoint chiral multiplet [81, 82]. We give brane descriptions for these theories
and identify the exactly marginal operators with motions of NS5 branes in Type IIA configurations,
or with NS two-form fields in the Type JIB picture. We enumerate all finite .A=2 theories with
one and two factors of classical gauge groups, and discuss generalizations.
In Sec. 6.1 we discuss, from a field theoretic point of view, the conditions for existence of exactly
marginal operators. In Sec. 6.2 we review configurations of intersecting NS5 branes and D4 branes
in the presence of D6 branes and 06 plane backgrounds in Type IIA string theory. We suggest a
simple criterion which when imposed on the brane configurations, gives field theories with exactly
marginal operators. For a certain class of brane configurations (the elliptic models) in Type IIA
string theory, we give a T-dual picture in Type JIB. We generalize the results of [83, 84, 85] to more
complicated conical singularities, and discuss orientifolds in A/=I and ) = 2 theories, generalizing
the analysis in [86]. In Sec. 6.3 we list all conformal K = 2 theories with one or two classical
gauge groups and give the corresponding brane descriptions. In Sec. 6.6 we present a more general
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analysis of supergravity descriptions, and argue that a large class of non-elliptic models which have
a Type IIA description can not satisfy the supergravity condition relating the Euler and Weyl
anomalies of theories with supergravity descriptions [87], while all elliptic models considered are
shown to satisfy that relation. Conclusions of this chapter are summarized in Sec. 6.8.
6.1 K = 1 theories with Q4 type superpotentials
Following the discussion of Leigh and Strassler [81] we argue that four-dimensional K=2 supersym-
metric theories with vanishing one loop 3 function have associated with them K = 1 supersymmet-
ric theories which have a manifold of fixed points. These K=1 theories are obtained from the K=2
finite theories by integrating out the adjoint chiral multiplet, giving rise to a quartic superpotential
in the low energy theory. The theory with quartic superpotential has a line of fixed points: In the
space of coupling parameters of the theory, there is a line along which the theory is conformally
invariant. At each fixed point, the Lagrangian of the theory can be deformed in such a way that
the theory remains conformally invariant. The operator which can be added to the Lagrangian to
deform the theory in this way is said to be an exactly marginal operator.
The exact NSVZ f39 function [9] for the gauge coupling in a supersymmetric gauge theory with
chiral superfields #i in representations ri with Dynkin indices T(ri) and anomalous dimensions -yj
(the normalization for the anomalous dimensions here is a factor of two larger than in some other
references), and adjoint Dynkin index G, is proportional to
fg oc 3G - ZT(ri)[1 - -yi]. (6.1)
The couplings in the superpotential, which are schematically of the form W = h#142 --k are
renormalized according to a similar equation for their fh functions given by
1
Oh oc (di + -yi) - 3, (6.2)2
where di is the canonical dimension of the field #i. The theory is at a fixed point when all of the f
functions in the theory vanish. The anomalous dimensions are functions of the couplings, so each
equation fg = 0 or 3h = 0 provides one relation between the couplings. Generically there will
be isolated solutions to these equations, or none at all, but if the equations for the f functions in
terms of the -yj are linearly dependent then there may be a manifold of fixed points of codimension
equal to the rank of the set of linearly independent f functions. In that case there are marginal
operators along the manifold of fixed points which deform the infrared theory from one fixed point
to another.
For K = 2 theories with massless hypermultiplets Qi in representations ri of the gauge group,
vanishing of the one loop fi, function is sufficient for the theory to be exactly finite. For any value of
the gauge coupling g, the theory is conformally invariant and so has a line of fixed points generated
by the Tr(F2 ) operator. The anomalous dimensions of all the fields vanish along this line and the
theory is finite.
We can now give mass to the adjoint chiral multiplet. With K = 1 chiral multiplets QI, Q' and
adjoint chiral multiplet 4, the superpotential is of the form W = h E, Tr Q'4 Q' + mTr 42, where
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the trace is over the gauge indices, and h is proportional to the gauge coupling g. Integrating out
the adjoint gives
h 2
W = 4m (1: Tr Q Q)2 (6.3)
Depending on the structure of the adjoint (P it may be necessary to add Lagrange multipliers to
impose constraints on 4, e.g. tracelessness. In that case the exact form of W will change, but
the Q4 structure will remain the same, which is the important aspect for our purposes. The Q4
coupling will flow to some value h in the far infrared that will depend on the dynamical scale and
adjoint mass. We can relax the condition that the contribution from each term in the superpotential
have the same coupling (assuming no flavor symmetry), and consider the possibility that a fixed
point with all of the couplings equal belong to a continuous family of conformal theories with
W = Ej<j hyi(r1QIQI)(T'rQJQJ). If the parent K = 2 theory has vanishing one loop 13g
function, then the 3 functions of the corresponding K = 1 theory are, according to (6.1) and (6.2),
3= G + ZT(r)71
1hi = I + -yi + -yj. (6.4)
At a fixed point, Og = 13h, = 0. These are n(n + 1)/2 + 1 linear equations for the n a priori
unrelated anomalous dimensions. The diagonal components I = J of (6.4) completely determine
the value of the n anomalous dimensions. The solutions are yi -i-, and the vanishing of 3g
then follows from the vanishing of the one loop beta function of the parent K = 2 theory. Hence,
the condition that 1g vanish is redundant and we find a line of fixed points. In fact, each of the
off diagonal Oh, = 0 equations is linearly dependent on the diagonal equations, so if there are n
fields Q' then there is a n(n - 1)/2 + 1 dimensional manifold of fixed points. The fixed points
of the theory with superpotential (6.3) lie on a one dimensional submanifold. There is a linear
combination of the gauge coupling WaW' and the superpotential W which varies over the line of
fixed points and deforms the theory along it.
The simplest example of this phenomenon is obtained from K=2 SU(N) Yang-Mills theory with
Nf hypermultiplets Q, in the fundamental representation of the gauge group. Upon integrating
out the adjoint, taking into account the tracelessness condition, the effective superpotential is
W Q Q Q I - QIQ Q 0Q4. (6.5)
This theory was studied in [81] in relation to K=1 duality.
In the following we review brane configurations involving intersecting NS5 branes and D4 branes
in Type IIA string theory for these types of models and motivate a relation between marginal
deformations and NS5 brane motion. We enumerate theories with a small number of gauge group
factors which behave similarly to the theories discussed above and give their corresponding brane
constructions in Type IIA and Type IIB string theory. We will also see that a large class of these
types of theories have unequal Weyl and Euler anomalies, and following [87, 88] therefore do not
have useful supergravity descriptions in the sense of Maldacena's conjecture [69].
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Figure 6: SU(N) with 2N El hypermultiplets.
6.2 Brane configurations in Type II string theories
In this section we identify marginal operators with deformations of brane configurations or geometry
in Type II string theories. We suggest that translations of straight NS5 branes in Type IIA
configurations correspond in the field theory to motion along a manifold of fixed points in the
infrared. Much work has been done on understanding non-perturbative effects in field theories
from string theory. The three methods which have been employed for this purpose rely on: (a)
string theory in a non-trivial geometry; (b) the world volume theory of branes probing a non-trivial
(typically singular) geometry; and (c) the world volume theory of branes in a brane configuration in
a flat background. These different descriptions of the field theories can often be related by various
dualities. In the following we review configurations of intersecting branes in Type IIA string theory
in flat Minkowski space for the theories alluded to in the previous section, and then discuss the
T-duality which maps these configurations to D-branes probing singular geometries in Type IIB
string theory.
Type HA brane constructions and marginal deformations
Configurations of intersecting D4 branes and NS5 branes in Type IIA string theory in flat Minkowski
space are well studied (for a review see [89]). In this chapter, we will be using NS5, NS5', D4 and
D6 branes in the following directions:
0 1 2 3 4 5 6 7 8 9
NS5 + + + + + +
NS5' + + + + + +
D4 + + + +-]
D6 + + + + + + +
The configuration shown in Fig. 6 consists of NS5, D4 and D6 branes.
The D4 branes end on NS5 branes and are of finite extent L in the X6 direction. The NS5 and D4
branes are at a point in X7, X8, X9 . If there are N D4 branes and Nf D6 branes, the field theory on
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the world volume of the D4 branes at length scales much larger than L is a four dimensional .N= 2
SU(N) gauge theory with N1 hypermultiplets in the fundamental representation (corresponding to
the strings ending on the D6 branes and D4 branes). Instead of using D6 branes, flavors can be
added with N1 semi-infinite D4 branes oriented in the same direction as the other D4 branes. The
two ways of adding flavors to the gauge theory can be related by passing the D6 branes through the
NS5 branes, at which point a D4 brane is created stretching between the D6 and the NS5 branes
[60].
As discussed in [62], the force exerted by the D4 branes on NS5 branes causes the NS5 branes to
bend in the X6 direction. The distance between the NS5 branes corresponds to the gauge coupling:
1/g 2 = L/A where A is the string coupling constant. The running of the gauge coupling is nicely
reflected by the bending of the NS5 branes. If the beta function of the gauge theory is zero, the
NS5 branes can be at fixed values of X6 with no bending asymptotically. This will be the case
when Nf = 2N, with N semi-infinite D4 branes from the left and N from the right of each NS5
brane (if there are no D6 branes). In the presence of D6 branes, the requirement for there to be no
relative bending of the NS5 branes asymptotically is that the linking number of each NS5 brane is
identical: If L', R' are the number of D4 branes attached to the left and right of the ith NS5 brane
and l, ri are the number of D6 branes to the left and right of that NS5 brane, then the linking
number (L' - R') + -(r' - l) must be the same for each NS5 brane. (06* planes, if present,
would contribute to linking numbers as if they were (±) a pair of physical D6 branes. 04 planes
passing through an NS5 brane change sign, and contribute (±2) units of D4 brane charge to the
linking number of the NS5 brane through which they pass.) If a configuration has equal nonzero
linking numbers for each NS5 brane, then sixbranes can be added past the leftmost or rightmost
NS5 brane such that all linking numbers will vanish. The additional sixbranes do not affect the
field theory on the fourbranes since they can be moved to infinity.
If one of the NS5 branes is rotated out of the (X4 , X5 ) plane and into the (X7, x 8 ) plane, then
the D4 branes can no longer slide along the NS5 branes and the Coulomb branch of the theory is
lifted. This corresponds to giving a mass to the adjoint proportional to tan0 where 0 is the angle
of rotation of the NS5 branes. (This dependence should only be trusted for masses well below the
string scale; otherwise the adjoint might decouple at a scale higher than the string scale, but we
are ignoring all string states.) The field theory living on the world-volume of the D4 branes can
be obtained by integrating out the adjoint. We get a K=1 theory with a quartic superpotential.
If we start from a theory which has no asymptotic bending of the NS5 branes, i.e. Nf = 2N, it is
easy to see that there is an exactly marginal operator which generates a manifold of fixed points
(as discussed in detail in the previous section).
An obvious extension of the brane configuration discussed above is shown in Fig. 7. There are
M + 1 NS5 branes labeled by a = 1,..., M + 1 with k0 D4 branes stretched between the ath
and (a + 1)th NS5 branes, and d0 D6 branes at points between the ath and (a + 1)th NS5 brane.
The gauge group of the four-dimensional theory is HI," SU(k,). The matter content contains d,
hypermultiplets in the fundamental representation of SU(k,) (except for SU(ki) and SU(kM) which
have di + ko and dM + kM+1 such hypermultiplets) and bifundamental hypermultiplets transforming
as (ki,X2)e (k 2 , 3)e... (kMl,kM). The beta function for SU(kQ) is
bo,a = -(2ka - ka-i - ka+1 - d0 ). (6.6)
86
d 0 3
d 2 0 d M
k 0 k k2 k 3 kM k M+1
Figure 7: The brane configuration corresponding to the SU(ki) x SU(k 2 ) x ... xSU(kM) theory with
bifundamentals and ko flavors of SU(ki) and kM+1 flavors of SU(kM). The vertical lines represent
NS5 branes, the horizontal lines are D4 branes and the circles are D6 branes orthogonal to the
(X4 , X6) plane drawn here..
Rotating an NS5 brane into the (x 7 , X8) plane gives a mass to the adjoint chiral multiplets of
the gauge groups to the left and right of that NS5 brane. The contribution to the masses of the
adjoints is of opposite sign to the left and right of the rotated NS5 brane. This breaks K==2 to
K=1 and gives rise to a quartic superpotential for those fields which transform under the gauge
groups to the left and right of the NS5 brane as discussed in Sec. 6.1.
The existence of a marginal deformation in the infrared is motivated by the absence of loga-
rithmic bending of the NS5 branes in configurations with vanishing linking numbers, and hence
the absence of a scale in those theories. The independent translations of the NS5 branes are in-
tuitively expected to correspond to marginal deformations in the infrared precisely because they
are deformations not associated with a dimensionful parameter. Rotations of NS5 branes induce
masses for the adjoint fields, and are thus relevant deformations in the ultraviolet. These relevant
deformations also induce a flow along the manifold of fixed points in the infrared theory, but do
not correspond to exactly marginal operators. More precisely, there is a linear combination of the
gauge coupling, W'WQ, and the couplings in the infrared superpotential, W, which when added
to the action of the infrared theory deforms the theory along the line of fixed points. At each
fixed point there are independent marginal operators corresponding to the gauge coupling and the
terms in the superpotential (corresponding to motions of the NS5 branes), but by adding only one
combination of marginal operators to the action does the theory remain conformally invariant.
The proposed intuition relating deformations of brane configurations with straight branes and
exactly marginal operators is generally absent in a curved spacetime background because of the
scale induced by the curvature. For example, in the presence of D6 branes and orientifolds, the
intuition relating NS5 brane motion to marginal operators is more tenuous, and we identify marginal
deformations only if the linking numbers of all NS5 branes, including the contributions due to the
orientifold charges, vanish. In the K=2 case, translations of NS5 branes correspond to variation
of the gauge coupling, which is indeed an exactly marginal deformation for the finite theories.
In the P1=1 case, with rotated NS5 branes, the relation between translations of NS5 branes and
exactly marginal operators is not as immediately evident, but we will see that theories with straight
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rotated branes generally have marginal deformations as well. The identification of the exactly
marginal operator corresponding to the NS5 brane motion can be made at weak coupling (where
it corresponds to changing the gauge coupling-the exactly marginal operator is TrF 2 ). At strong
coupling, the operator corresponding to the NS5 brane motion cannot be identified easily. However,
the existence of such an operator can be seen from the brane picture.
Elliptic Models
An interesting set of models is obtained if the x6 direction is compactified on a circle of length
L, with D6 branes between any pair of NS5 branes. Then ko = kM+1 by definition, and the
gauge group is HM0 SU(k) x U(1). The extra U(1) is from uniform translation of the fourbranes
along the (X 4 , X5 ) directions. The hypermultiplet spectrum is as before except that the ko and kM+1
fundamental hypermultiplets before compactification combine to give a bifundamental transforming
under SU(kM) and SU(ko) and another bifundamental hypermultiplet transforming under SU(ko)
and SU(ki). None of the hypermultiplets is charged under the extra U(1), so the U(1) factor
decouples from the theory and we will not be interested in it. The beta function for each group is
still given by (6.6). It is easy to see that the only way to get zero or negative beta functions for all
groups is to set da = 0 and k0 = N for all a. This implies that all bo,, = 0, and there is no relative
bending of the NS5 branes.
It is worthwhile to note that the relation between bending of NS5 branes and the beta function
must be reconsidered in elliptic models. The linking numbers are not well defined a priori because
the notion of left and right is imprecise on the circle. However, the relation can be made more
precise by introducing a fundamental domain on the circle. If the circle is cut at any point and
treated as a theory on a non-compact background, then the linking numbers on any NS5 brane
must be equal for the theory to be finite. Choosing a different fundamental domain, i.e. cutting
the circle at a different location, will lead to different linking numbers in general, but the equality
of linking numbers is unaffected by this choice. Furthermore, the beta functions are related to
relative differences between linking numbers of neighboring NS5 branes just as in the non-compact
case. On the circle, marginal deformations are related to both translations of NS5 branes along the
circle and variations of the radius of the compact direction.
Type IIB descriptions
For the elliptic models we can perform a T-duality along the compact X6 direction. A configura-
tion with a set of N5 parallel NS5 branes in Type IIA string theory is mapped to Type IIB on
AN 5 1 x R 6 , where AN 5 1 is a C2 ZN orbifold type ALE space. The N D4 branes which wrap
the compact direction are mapped to D3 branes. So the configuration discussed above with a com-
pact X6 direction is T-dual to N D3 branes at an AN 5 1 singularity. The D3 branes occupy the
(X0 , X1 , X2 , X3 ) directions and the ALE space is in the (X6, X7 , X8, X9 ) directions.
Turning on two-form B-fields which have non-vanishing flux over the vanishing two-cycles at
the singularity corresponds to moving the NS5 branes in the X6 direction. In the field theory
this corresponds to variations in the gauge couplings [90]. There is a question of the ordering of
the NS5 branes which we will not discuss here. The formalism for studying D branes at orbifold
singularities was developed in [90]. The world volume theory on the D3 branes is determined by
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the orbifold action on spacetime and Chan-Paton factors (and can be encoded in quiver diagrams
or generalizations such as in [90, 91, 92, 93]), and is the same as the theory that we started with
in the Type IIA picture before performing the T-duality.
The K=1 theories correspond to brane configurations with rotated NS5 branes. On the Type
JIB side, the resolved singular space varies over the (X4, X5 , X6 , X7 , x 8 , X9) directions, and can be
described by a type of blowup of the orbifold singularity, as discussed in [83, 84, 85, 94] for the
case of the A1 type singularity. Alternatively, as described in [95], the space can be thought of
as a complex deformation of the orbifold singularity, re-embedded in a weighted projective space.
In the complex deformation approach, the algebraic form of the orbifold singularity is changed so
as to smooth out the singularity. The orbifold singularity is invariant under a C* action which is
absent in the deformed curve. By re-embedding the deformed curve in a weighted projective space
we restore the C* action, and the resulting curve is the generalized conifold. More explicitly, the
Ak orbifold singularity is given by a curve of the form
Xk+1 + y2 + Z2 = 0. (6.7)
It is invariant under a C* action with weights (1, k+-, k+') for (x, y, z).
The multiplicity of the singularity is k, equal to the rank of the corresponding Ak gauge group,
and the singularity can be thought of as a bouquet of k spheres shrinking to zero size. A general
deformation of the curve must have at least k parameters specifying the deformation. A deformation
is called miniversal if it is specified by a number of parameters equal to the multiplicity k of the
singularity, and if any deformation is equivalent to that deformation. One can generate a miniversal
deformation of a singular curve by adding all polynomials to the function specifying the curve,
modulo polynomials times the first partial derivatives of the non-deformed curve [96]. For example,
the complex deformation of the curve (6.7) is of the form [95, 97]
k
Xk+1 + t Xk-m _ Y2 + Z2 = 0. (6.8)
m=1
This deformed curve is then projectivized by introducing a new variable s with projective weight
1, giving the Ak generalized conifold,
k k-m
Xk+1 +sk+1 tm ) +y 2 +z 2 =0. (6.9)
m=1 s
We can replace the deformation parameters ti by angles Oi, and rewrite (6.9),
k+1
y 2 +z 2 = l(s cos Om + x sin Om). (6.10)
m=1
In this form, we identify the angles Oi with the rotation angles of the NS5 branes in the Type IIA
picture. The masses of the adjoints are given by the relative angles, mi oc tan(Oi+l - Ox), at least
for small relative angles 0i+1 - Oi, and satisfy the periodicity condition E> mi = 0. For example,
the A1 curve, corresponding to a pair of NS5 branes on a circle, interpolates between the K=2
orbifold (01 = 0, 62 = 0) and the K=1 conifold (01 = 0, 62 = 7r/2). The generalized conifold (6.9)
was also shown in [95] to correspond to the moduli space of the Higgs branch of the corresponding
K=i gauge theory by studying solutions to the D- and F-flatness equations.
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Adding Orientifolds
We can obtain a rich class of theories by adding orientifolds to the Type IIA brane configurations
described above. In fact, as we will see in the next section, the finite M = 2 theories with simple
classical groups and products of two factors, and with at most two-index matter, can be obtained
in the Type IIA brane picture if we use orientifold planes. We will mostly be interested in 06
planes occupying the (X0 , X1, X2, X3, X7, X8, X9) directions (parallel to D6 branes introduced earlier)
and 04 planes parallel to the D4 branes.
Consider a collection of NS5 branes (and their images under orientifold reflection) at some
distance from an 06 plane. D4 branes can stretch between pairs of NS5 branes, but only in
configurations symmetric under the orientifold reflection. For example, the configuration with
2N D4 branes (N physical D4 branes and their images) stretched between a NS5 brane and its
orientifold image, as discussed in [98], corresponds to an K = 2 SO(2N) or USp(2N) theory,
depending on the sign of the orientifold charge. We can add Nf D6 branes and their images to
the above setup. Then we get 2Nf fundamental chiral multiplets under the gauge group, or NJ
hypermultiplets. If the sixbrane RR charge of the 061 plane is +4(-4) (physical charge +2,(-2)),
we get an SO(2N) (USp(2N)) gauge theory with USp(2Nf) (SO(2Nf)) flavor symmetry. As before,
this way of adding flavors is equivalent to adding semi-infinite D4 branes. The absence of bending
of the NS5 branes requires vanishing beta function in the gauge theory. Hence we need Nf = 2N -2
for the case of 06+ and Nf = 2N + 2 for the case of 06-. This can be understood on the basis
of the fourbrane charge induced on the NS5 branes by the presence of the 06 plane. Since the
orientifold carries sixbrane charge, it interacts with the NS5 brane as though there were sixbranes
or "anti-sixbranes" present. That a fourbrane charge is induced is evident by conservation of RR
charge and the fact that pulling a sixbrane through a NS5 brane produces a fourbrane connecting
them [60]. Then in order to balance the force of the fourbrane charges on the NS5 brane, the
number of D4 branes attached to the left and right sides of each NS5 must differ. In other words,
the linking number of each NS5 brane should be the same.
In the presence of an 06 plane as above, NS5 branes not stuck to the 06 plane can be rotated
out of the (X4, X5 ) plane into the (X7, X8 ) plane. Each NS5 brane and its image are rotated in
opposite directions because the configuration has to remain symmetric under reflection about the
orientifold plane, (X4 , X5 , X6 ) -+ (-X4, -X 5 , -X6). As a result of this rotation, the D4 branes are
fixed at the origin and cannot slide between the NS5 branes anymore. As usual, this corresponds
in the field theory to giving a mass to the adjoint chiral multiplet, breaking K=2 to K = 1 and
lifting the Coulomb branch of the theory. The field theory analysis shows that by integrating out
the adjoint, at low energies, we will see a marginal quartic superpotential in the flavor superfields.
An interesting K = 1 configuration is obtained when the angle of rotation of each NS5 brane
is 7r/2. In that case, the two NS5 branes become parallel to each other and to the 06 plane and
the D4 branes can slide off between the two NS5 branes. This shows that there must be a field
in the field theory which is becoming massless at this point. The additional field was shown in
[99, 100] to tranform as a symmetric tensor under the SO(2N) gauge group or antisymmetric tensor
under the USp(2N) gauge group; hence, at this point the adjoint chiral multiplet is substituted
by the opposite type of two index tensor. The conjecture that NS5 brane motion corresponds to
exactly marginal deformations leads to a prediction that the theory on the D4 branes of this brane
configuration has a manifold of fixed points, but only for the USp case. The SO theory comes from
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an 06+ plane, whose sixbrane charge parallel to the NS5 branes cannot be canceled. This theory
will be discussed further in Sec. 6.3. Even though we expect there to be marginal deformations of
the USp theory, we cannot conclude that the manifold of fixed points of this theory is related to
the manifold of fixed points of the theory without the symmetric tensor. The interchange of the
adjoint and tensor fields involves passing through mass scales for these fields larger than the string
scale. In order to trace what happens to these theories we would have to include the effects of
string states which we have been ignoring. Furthermore, since rotations of NS5 branes correspond
to relevant deformations, we should not expect in general to remain on the same manifold of fixed
points after such perturbations of the theory. Translations of NS5 branes are expected to yield
exactly marginal deformations of the theory. It is sometimes the case that relevant deformations,
such as those induced by rotations of the NS5 branes, lead to a flow along the manifold of fixed
points in the infrared, but this is not generically the case.
Next we will consider the elliptic models with 06 planes. The X6 direction is compact: X6
X6 + 2L. In that case, there are two orientifold fixed planes located at the two fixed points of the
action X6 -+ -X 6 (X6 = 0, L). The 06± planes carry ±4 units of sixbrane charge (±2 physical
units). As was observed in [861, vanishing total Ramond-Ramond sixbrane charge in Type IIA
.A=2 brane configurations is necessary for finiteness of the resulting gauge theories. This is clear
given the relation between NS5 brane bending and the 3 function, and is equivalent to the condition
for tadpole cancelation in the Type JIB picture of the same theories obtained after performing a
T-duality in the X6 direction.
For example, consider a K = 2 theory with two NS5 branes away from the orientifolds. If the
two 06 planes have opposite charges, as in Fig. 31, then no D6 branes are required to cancel the
sixbrane charge, and the finite theory on the D4 branes is a SO(2N) x USp(2N - 2) gauge theory
with two bifundamental half hypermultiplets.
We can now perform a T-duality along the X6 direction, as in [86]. The D4 branes map to D3
branes. The two NS5 branes give a A1 ALE space in the (X6, X7, X8, £g) directions which corresponds
to a Z2 singularity at £6 = 7= X8 = X9 = 0. The orbifold group is {1, R6 7 89 } where R 678 9 is the
reflection
R6789 :(£6, £7, X8, £9) -+ (-£6, -X7, -X8, -£9).
The T-dual of the pair of 06 planes is an 07 plane. The orientifold group is {1, QR 45 }, where Q
is a world-sheet parity reversal, and the action on the Chan-Paton factors is such as to produce
the correct gauge group. However, for this to be consistent with the orbifold action, the correct
orientifold projection should be {1, R 6 789 , QR 45 , QR 45 6 78 9 }. Roughly speaking, this corresponds to
an 07 plane in the (£o,£1,£2,£3,£6,£7,£8,£9) directions and an 03 plane in the (£o,£1,£2,£3)
directions, but these orientifolds do not carry Ramond-Ramond charge. The action of the orien-
tifold/orbifold system on the Chan-Paton factors can be determined by tadpole cancelation [86],
which leads to the SO(2N) x USp(2N - 2) gauge theory as before the T-duality.
We can now rotate the two NS5 branes in opposite directions. This corresponds to adding
a mass term of the form m(TrAb2-Tr<D2). Integrating out the adjoint gives a marginal quartic
superpotential for the rest of the matter. The Type IIB configurations corresponding to Type IIA
configurations with rotated NS5 branes are obtained by a deformation of the K=2 configuration of
the type described above and in [95], with the additional complication that orientifolds are present
in these theories. We do not give more explicit constructions for this case here. Supergravity
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Figure 8: Brane configuration with 04 plane wrapping the compact direction.
descriptions for D-branes at combined orbifold and orientifold singularities were studied in [101].
It is interesting now to consider the configuration with D4 branes parallel to 04 planes (Fig. 8).
It is well known that the RR charge of an 04 plane changes sign as it passes through an NS5
brane [102, 103]. The theory on the world-volume of the D4 brane is an K = 2 SO(2N) x
USp(2N-2) gauge theory, which is the same theory we obtained above with 06 planes. By a T-
duality, we apparently get D3 branes with an orientifold/orbifold projection which is the same as
the one obtained for the previous case. This is an interesting example of different Type IIA brane
configurations which describe the same theory on the world volume of the D4 branes, and have the
same T-dual in the compact direction. A puzzle arises when we consider T-dualizing the Type IIB
theory along the compact direction. It is unclear which of the Type IIA configurations it should
T-dualize to. These types of orientifolds are not yet understood well enough to resolve this issue,
and merit further study.
There is another configuration of two NS5 branes and 06 planes on a circle, in which the NS5
branes are stuck in position to the 06 planes, giving rise to an K=2 SU(2N) theory with symmetric
and antisymmetric tensor hypermultiplets. The T-dual of this configuration is again given by an
07 plane with spacetime action as above, but with a different choice of Chan-Paton matrices, as
described in [86, 103, 104, 105]. Note that the configuration with the 04 plane wrapping the X6
direction cannot give rise to this theory by changing the positions of the NS5 branes. This theory
has Q4 type marginal operators as discussed earlier, but the NS5 branes in the corresponding brane
configuration (Fig. 16) are not free to rotate. In this case the only marginal deformation is from
changing the circle radius.
6.3 Brane configurations for theories with exactly marginal operators
As discussed in Sec. 6.2, construction of brane configurations of intersecting NS5 branes and D4
branes with all the NS5 branes having the same linking number is a convenient way to generate
theories with exactly marginal operators. In this section, we study a number of such configurations.
For the configurations preserving 8 supercharges, which correspond to four dimensional K = 2
supersymmetric low energy theory on the world-volume of the D4 branes, equal linking numbers
of the NS5 branes and the existence of an exactly marginal operator in the field theory is implied
by vanishing one-loop 3 function for the field theory (which, in this case, implies that the theory
92
(X 4, X5) (X8 , X9 ) 06+4D6
0 06
I I
x 6  X 6
(a) (b)
Figure 9: (a) K = 2 USp(2N) theory with (2N +2) E hypermultiplets. (b) K = 1 USp(2N) gauge
theory with H and two types of flavors, Q and f.
is finite). The linking number criterion for brane configurations generates almost all K = 2 finite
configurations with factors of classical gauge groups. Integrating out the adjoint chiral field from
the K = 2 finite theory, we find an K = 1 theory with a quartic superpotential which was shown to
have an exactly marginal operator in Section 6.1. As we will see, some of the K = 1 field theories
with quartic superpotentials that we obtain by studying brane configurations are not related to
K = 2 theories by integrating out an adjoint.
6.4 M = 2 finite theories with classical gauge groups
SU(N) with 2N D hypermultiplets
The brane configuration is shown in Fig. 6. The linking number of each NS5 brane is zero, so
the NS5 branes are asymptotically straight. As discussed in the previous section, there are two
equivalent ways of getting the same field theory on the world volume of the D4 branes - with or
without D6 branes. By rotating one of the NS5 branes in the configuration with no D6 branes,
we get an K = 1 configuration in which the NS5 branes still do not bend so we expect an exactly
marginal operator in the K = 1 field theory on the D4 branes (which is SU(N) gauge theory with
2N flavors). Rotating the NS5 branes corresponds to integrating out the adjoint, which results in
a quartic superpotential for the field theory. The analysis in Sec. 6.1 shows that there is indeed an
exactly marginal operator in the field theory.
USp(2N) with (2N + 2) l hypermultiplets
The sixbrane RR charge of the 06- plane can be locally canceled by putting 4 D6 branes on top
of it. The rest of the D6 branes can be moved in pairs, past the NS5 branes and to infinity to get a
configuration with 2N semi-infinite D4 branes on each side (Fig.9). The two NS5 branes can then
be rotated by an angle 0 out of the (X4, X5 ) plane into the (X8, Xg) plane. This just corresponds to
integrating out the adjoint and gives a theory with an exactly marginal operator. When 0 =7r/2,
an antisymmetric tensor chiral field, A, becomes massless and parameterizes the motion of the
D4 branes along the NS5' branes (Fig.9). This theory has two types of flavors-2N (4N L chiral
multiplets) flavors which we call Q come from the semi-infinite D4 branes and two flavors (4N
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E chiral multiplets), f from the D6 branes. The matter content can be summarized as:
USp(2N)
A 1
Q ] 4N
f LI 4
The superpotential is
W = QAQ + Q4 + (Qf) 2  f 4.
The conditions for vanishing / functions are:
0=3(2N +2) - (2N - 2)(1 - YA) - 4N(1 -yQ) - 4(1 - y)
0 = YA + 2 -yQ
0 =1 + 2'YQ
0 = 1 + 7Q + Yf
0 =1+ 2 yf.
Only three of these equations are linearly independent implying the possibility that the theory has a
two dimensional manifold of fixed points and hence has two exactly marginal operators. As before,
we can identify the translations in the X6 directions of the NS5 branes with an exactly marginal
operator. However, this accounts for only one such operator. It is not easy to check if all the quartic
terms in the superpotential are actually present. These terms arise from integrating out the the
adjoint in the K = 2 theory. If we assume that one of these terms is zero, we will get only one
exactly marginal operator from the field theory analysis which agrees with the counting from the
brane picture. However, if all the quartic superpotential terms are non-zero and the field theory
has two exactly marginal operators, we might be able to see the second exactly marginal operator
by the motion of the 4 D6 branes in the X6 direction. This motion is parameterized by one variable
if we require that two physical D6 branes remain on top of each other when they move; from the
field theory point of view, this means that the operator preserves an SO(4) flavor symmetry acting
on the f's, which is implied by the superpotential above. Although motion of the D6 branes is
irrelevant for the IR dynamics in the K = 2 case, here, we expect it to be important: for example,
when we move the D6 branes past the NS5 branes, the theory loses a flavor. So motion of the D6
brane past the NS5' branes corresponds to a relevant operator for the field theory. We propose
that the motion of the D6 branes might correspond to an exactly marginal operator when the D6
branes are between the NS5' branes.
SO(N) with (N - 2) [I hypermultiplet
If N is odd, there is a D4 brane which cannot move from the 06 plane. For the K = 2 configuration
(Fig.10), the linking numbers of each NS5 brane is zero. We can rotate the NS5 branes from the
(X4, x 5 ) plane into the (X8 , X9) plane by an angle 6. The presence of the orientifold plane causes
the image of the NS5 brane to move with an angle -0. This corresponds to integrating out the
adjoint giving rise to a quartic superpotential. As discussed in Sec. 6.2, an interesting K = 1
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Figure 10: K = 2 SO(N) theory with (N - 2) El hypermultiplets.
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Figure 11: (a)K=2 SU(N) with ED and (N - 2)
with NS5' to give an K = 1 configuration.
EL hypermultiplets. (b) Replacing the center NS5
configuration arises when 0 = r/2. However, for the purpose of generating a field theory with an
exactly marginal operator, this configuration is not very useful since the charge of the 06+ plane
cannot be canceled.
SU(N) with ED + (N - 2) El hypermultiplets
The linking number of each NS5 brane is zero which implies that the NS5 branes do not bend and
the 3 function of the field theory on the D4 branes world volume is zero (Fig.11).
An interesting chiral K = 1 configuration is obtained in which the NS5 brane on top of an
06 plane is replaced by an NS5' brane in directions (xo,Xi,X2,X3,X8,X 9 ) [106, 107]. The NS5'
brane, located at X7 = 0 divides the 06 plane into two regions - X7 > 0 and X7 < 0. In such a
configuration, the orientifold charge jumps from -4 to +4 as we cross the NS5' brane [102]. The
part of the orientifold with negative charge has 8 semi-infinite D6 branes embedded in it which are
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required by charge conservation [106]. Now N D4 branes are stretched between an NS5 brane and
its image under such an orientifold (with the NS5' brane and 8 semi-infinite D6 branes embedded in
it) (Fig.11b). For calculation of the linking number, this orientifold should act exactly like an 06+
plane. So we need 2(N - 2) D6 branes (N - 2 physical D6 branes and their images) for the linking
numbers of each NS5 branes to be zero. As discussed in [106], the theory on the world-volume of
the D4 branes is a chiral K = 1 SU(N) gauge theory with chiral fields:
SU(N)
X H 1
M 1
Q El 2N+4
Q Q 2N-4
It is easy to check that this theory is anomaly free - the total anomaly (2N+ 4) - (2N - 4) + (N -
4) - (N + 4) is zero. The theory has a superpotential
W=QSQ+QXQ
If we rotate the NS5 branes out of the v = X4 + iX5 plane and into the w = ±8 - iX9 plane by an
angle 0 and its image by -0, the theory will have an adjoint 4D which will in general be massive
except when 0 =7r/2 when the adjoint becomes massless. The superpotential for the configuration
with a generic value of 0 is
W = QSQ + QXQ + 4XS + p(9)42.
For nonzero values of p(9), we can integrate D out and obtain the superpotential
W =QSQ+QXQ+ (XS)2
The equations for vanishing 3 functions for the couplings of this theory are:
0 =3(2N) - (N - 2)(1 -yx) - (N +2)(1 -7y) - (2N + 4)(1 - 7) - (2N - 4)(1 -- y)
0 =27y + 7
0 = 2-y + -x
0 =1 +Yx +7-
These equations are linearly dependent- any three imply the fourth. So we expect an exactly
marginal operator in the field theory which is what we see from the brane picture.
SU(N) with + (N + 2) E hypermultiplets.
The K = 2 configuration is the same as the previous model except that the sign of orientifold is
reversed (Fig.12).
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Figure 12: SU(N) with 0 and (N + 2) l hypermultiplets
Figure 13: K = 4 SU(N) model.
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Figure 14: K = 4 SO(N) model.
06+C 06-
Figure 15: K = 4 USp(2N) model.
SU(N) with an adjoint hypermultiplet
This is the K = 4 theory (Fig.13). The strings passing through the NS5 brane with end points
on the D4 branes give rise to an adjoint hypermultiplet. There is an adjoint chiral multiplet
corresponding to the motion of the D4 branes along the NS5 brane. So the matter content is
indeed that on an K = 4 theory. The superpotential couplings are also exactly that of the K = 4
theory. Upon T-duality, we get N D3 branes.
SO(N) with an hypermultiplet
This is the K = 4 theory (Fig.14) [108].
USp(2N) with EL hypermultiplet
This is an K = 4 theory (Fig.15) [108].
We cannot rotate the NS5 brane because of the orientifold symmetry. However, the configuration
with an NS5' brane parallel to the 06+ plane preserves 4 supercharges, and we expect to get an
K/= 1 theory on the D4 branes which has an exactly marginal operator. The NS5' brane splits the
06 plane into two parts and the orientifold charge jumps from -4 to +4 across the NS5' brane.
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Figure 16: SU(N) with LI and H hypermultiplets.
As discussed above, we need 8 semi-infinite D6 branes in the region of the orientifold with charge
-4. The field theory on the D4 branes has gauge group USp(2N), and matter:
USp(2N)
Q L 8
X 1
S 1
A 1
The theory has a superpotential
W = QSQ + AXS.
This theory has the matter content and couplings of the K = 2 theory and is secretly an K = 2
theory. The one loop 3 function is zero and the theory is finite and has an exactly marginal
operator. We can obtain this theory from a different brane configuration shown in Fig.19.
SU(N) with H + L hypermultiplets
The X6 direction is compactified on a circle. It is more tricky to define linking number on a
circle. Finiteness implies that the linking numbers of each NS5 branes should be the same for a
fundamental domain of the circle. We cannot rotate the NS5 branes continuously because of the
orientifold symmetry (Fig.16). However, there are two K = 1 configurations we can get from this
theory (shown in Fig.17). In Fig.17a, the two NS5 branes are orthogonal to each other such that
the NS5' brane (on top of the 06-) is parallel to the 06 planes. In fact, the NS5' brane splits the
orientifold into two parts (corresponding to X7 > 0 and X7 < 0) and the orientifold charge jumps
from -4 to +4 at X7 = 0. For charge conservation and vanishing of the six dimensional anomaly,
the part of the orientifold with negative charge has eight semi-infinite D6 branes embedded in it.
The theory on the D4 branes is an K = 1 theory with the following chiral fields:
SU(N)
A,A B ,
X
8Q L
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Figure 17: K = 1 configurations obtained by rotating NS5 branes in Fig.16.
A and A are fields associated with the strings stretching between the D4 branes on either side of
the NS5 brane on top of the 06- plane. X, S and the eight Q's come from the neighborhood of
the NS5' brane on top of the 06 plane with 8 semi-infinite D6 branes stuck to it. The theory has
a superpotential
W = QSQ + A4 + (XS) 2.
The (XS)2 term arises by integrating out the adjoint field from the K = 1 theory shown in Fig.17b
since that theory has a coupling of the form XDS. Going from configuration in Fig.17b to that in
Figl7a involves giving a mass to 4. The A 4 term arises by integrating out the adjoint from the
K = 2 theory. The conditions for all 3 functions to vanish are:
0 = 3(2N) - 8 - 3(N - 2) - (N + 2) + 8yQ + 2(N - 2 )-YA + (N - 2 )-yx + (N + 2)-y
0 = 27Y + 7
0 = 1 + 2 YA
0 = 1 +Yx + -Y' .
It is easy to see that these equations are linearly dependent. There should be one exactly marginal
operator (according to the analysis in Sec. 6.1).
SU(N) with 2 and 4 El hypermultiplets
The orientifolds are 06- planes which have -4 units of sixbrane RR charge. Finiteness of the field
theory implies that the RR charge in the X6 direction vanishes and that is achieved by the addition
of 8 D6 branes (4 physical branes and 4 images). These D6 branes give 4 l hypermultiplets. The
NS5 branes on each 06- planes gives rise to 2 H hypermultiplets.
The K = 1 configurations which correspond to NS5 branes being replaced by NS5' are not
interesting for our purposes because they will necessarily have non-vanishing sixbrane RR charge.
The orientifold charge jumps from -4 to +4 where it intersects the NS5' brane. As explained above,
we need 8 semi-infinite D6 branes embedded in the side of the orientifold with negative charge. So
the orientifold plane with 8 semi-infinite D6 branes embedded has RR sixbrane charge +4.
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Figure 18: SU(N) with 2 H and 4 L hypermultiplets.
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Figure 19: USp(2N) with H and 4 l hypermultiplets.
USp(2N) with H and 4 l hypermultiplets
We need four physical D6 branes to cancel the sixbrane RR charge of the orientifolds. The T-dual
is D3 branes with 4 D7 branes and an 07- plane. This has been discussed in [109].
6.5 Product group theories with two factors of simple groups
In this section, we construct brane configurations for product group theories which have manifolds
of fixed points. For simplicity, we only draw the K = 2 configurations. Different ways of rotating
branes in the K = 2 configurations in general lead to different K = 1 theories which can be
analyzed by the tool developed in the previous section.
SU(N) x SU(M) with matter content:
SU(N) SU(M)
E [l 1
L 1 2N-M
1 L 2M-N
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Figure 20: SU(N) x SU(M) with (L , Li) and flavors under each group.
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Figure 21: SU(N) xSU(M) with (H ,1) and l hypermultiplets under each group.
The linking number of each NS5 branes is (M - N)/2 so the field theory is finite (Fig.20). Rotating
one of the NS5 branes gives a K = 1 theory with a quartic superpotential. Rotating the middle
NS5 brane corresponds to the theory with both adjoints integrated out, while rotating one of the
outer NS5 branes corresponds to integrating out only one of the adjoints.
SU(N) x SU(M) with matter hypermultiplets:
SU(N) SU(M)
LI L 1
, 1 1
El 1 N-M±2
1 0 2M-N
This model involves putting an NS5 brane on top of the 06* plane (Fig.21). The linking number
of each NS5 brane is 0 precisely when the number of D6 branes and D4 branes are equal to the
numbers predicted from the vanishing / functions for the field theory. For 06-, we get an B under
SU(N); for 06-, we get a E under SU(N).
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Figure 22: SU(N) x SU(N + 2) with (LI, LI) and (El,1) and (1, EL)
SU(N) x SU(N + 2) with hypermultiplets:
SU(N) SU(N+2)
LI LI
1
This is shown in Fig.22
SU(N)xSU(M) with hypermultiplets:
SU(N)
1
ELZ
SU(M)
D D 1
El 1 1
E] 1 N-M+2
1 El 1
1 D M -N+2
Here, IN - MI < 2. For each value of IN -
the NS5 branes are the same (Fig.23).
SU(N)xSU(N) with hypermultiplet:
SU(N)
MI, it can be easily shown that the linking numbers of
SU(N)
LIE 1
LI LI 1
This is the elliptic model with no orientifolds and D6 branes. The linking number of each NS5
brane is 0 because there is an equal number of D4 branes to the left and right of each NS5 brane
(Fig.24).
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NS5
00 0
06
0
Identified
0
0
0
0
00
000
0
0
00
- x6
(b)(a)
Figure 23: SU(N) x SU(M) with (LI,LI) and
examples of cases when IN - MI = 0, 1, 2.
and EZ under each group: (a), (b) and (c) are
Figure 24: SU(N) x SU(N) with two (iZ,D) hypermultiplets.
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O 0
0
00
)
0
00
(c)
0
0
Figure 25: SO(N) x
0
0
M
00
0
0 06 +
0
00
SU(M) with (Dl 1 )
2N-M+2
0 0
0
2N 06-
2 0
0
0
and flavors.
0
0
2M-2N
Figure 26: USp(2N)x SU(M) with ( E , El ) and flavors
SO(N)xSU(M) with hypermultiplets:
SO(N) SU(M)
E E 1
El 1 N-M-2
1 E 2M-N
This is shown in Fig.25.
USp(2N)x SU(M)
USp(2N) SU(M)
l El 1
E 1 2N-M+2
1 El 2M-2N
This is the same as the previous case except the sign of the orientifold is reversed Fig.26.
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+ 06
Figure 27: SO(N) x SU(N - 2) with ( El , El ) and (1, 8 ).
06O6
Figure 28: USp(2N) x SU(2N + 2) with (l , El ) and (1,LIEI).
SO(N) x SU(N - 2)
SO(N) SU(N-2)
l El 1
1 El1
The linking numbers of the NS5 branes are the same (Fig.27).
USp(2N) x SU(2N + 2)
USp(2N) SU(2N+2)
El E 1
1 El 1
This is again an elliptic model - the signs of the orientifolds are reversed compared to the previous
theory (Fig.28).
USp(2N) x USp(2M) 12M - 2N < 2
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NS5
0 00 0
06- 0
0 0
Identified
00
0
0
0
0
(a)
2
00
0
00
~0~
0
0
00
(b)
Figure 29: USp(2N)xUSp(2M) with (El , E), E under each group:(a), (b) are the cases when
12N - 2M= =0, 2.
107
NS5
0 0
0 0
O6 06-
0 0
Identified
0
0
0
0
00
2
(
00 0
00
0
00
- x6
(b)(a)
60 ~
0
00
(c)
USp(2N)x SU(M) with (E] , LI), L under each group and ] under SU(M): (a), (b)
the cases when 12N - MI = 0,1, 2.
USp(2N) USp(2M)
L LI
I 1
1 l
12M - 2N| < 2
1
2N-2M+2
2M-2N+2
This theory is shown in Fig.29.
USp(2N) x SU(M) IM - 2N| < 2
USp(2N) SU(M) IM - 2N 52
El 0 1
0 1 2N-M+2
1 l M-2N+2
1 H1
This model has two 06- plane and has 8 D6 branes so the net sixbrane RR charge vanishes.
IM - 2N < 2 and the different values of IM - 2N just correspond to placing the 8 D6 branes
in various ways in between the NS5 branes such that the linking numbers of each NS5 brane still
comes out the same (Fig.30).
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00
Figure 30:
and (c) are
06- 06+
Figure 31: SO(2N) x USp(2N - 2) with two (E , El) half-hypermultiplets.
SO(N)xUSp(N - 2) with half-hypermultiplets
SO(2N) USp(2N-2)
SEl 2
The field theory has two half-hypermultiplets. The brane configuration is in Fig. 31.
6.6 Supergravity Descriptions
As discussed in Sec. 6.2, we can perform a T-duality along the compact direction for the elliptic
models in Type IIA to get to a configuration with D3 branes in some singular geometry. Given
the Type IIB constructions, one can in principle determine a supergravity description for those
theories. This is complicated in practice because of the orbifold,conifold and orientifold geometries,
but the near horizon geometry of the D3 branes in these backgrounds is expected to be related
to the corresponding gauge theories via the AdS/CFT correspondence [69, 110, 111]. It has been
argued [87, 88] that the difference between the Weyl and Euler anomalies must vanish to leading
order in N in gauge theories which have useful supergravity descriptions. In this section we argue
that the elliptic models admit useful supergravity descriptions, while non-elliptic M=2 finite and
their descendent K=1 marginal theories do not. Consider the M=2 finite elliptic model given by
the brane construction in Fig. 32. The gauge theory on the four-branes has gauge group SU(N)M
with bifundamental hypermultiplets as below:
SU(N) SU(N) SU(N) ... SU(N) U(1)R
S El 0
l El 0
0
Since the fermion in the adjoint chiral multiplets should transform with the same R-charge as the
gauginos (by A/=2 supersymmetry), the adjoint chiral multiplets have R-charge 2.
At a conformal fixed point, the difference between the Weyl and Euler anomalies, c - a, is
proportional to the U(1)R anomaly [4, 1]. The U(l)R anomaly is easily computed:
O(JRTT) ~ dim Ri(ri - 1), (6.11)
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Figure 32: Brane configuration for the elliptic SU(N)M theory.
06 06
(a) (b) (c)
Figure 33: Elliptic models with 06 planes. D6 branes and the signs of the RR charge carried by
the 06 planes is not given in the figures. The net D6 brane charge always cancels in these theories.
Furthermore, the NS5 branes that are not stuck to the 06 planes can be rotated symmetrically.
where dim Ri is the dimension of the representation of the chiral multiplet with R-charge ri, and T
is shorthand for the stress tensor. Since the adjoint fermions in the .A=2 SU(N)M elliptic model
have charge +1 and the matter fermions have charge -1, it is easy to see that the condition c-a = 0
is satisfied. One way to see this is that the number of adjoint fermion degrees of freedom is 2MN 2 ,
which is the same as the number of matter fermion degrees of freedom.
Now consider rotating one of the NS5 branes. This breaks .A=2 to A/=1 with the result
of assigning R-charge zero to the adjoint fermions (except the gauginos, which have charge 1 by
convention) and R-charge -1/2 to the matter multiplet fermions. The anomaly c-a is proportional
in this case to the number of gauginos minus half the number of matter fermion degrees of freedom.
Since now the adjoint chiral fermions (half of the K=2 vector multiplet) do not contribute, the
anomaly is proportional to the M=2 result, so c - a = 0 in this case as well. This way of thinking
about the quantity c - a, as counting fermion degrees of freedom, is useful because it can be easily
generalized to the more complicated cases with orientifold planes.
If we add a pair of 06 planes in the ./V=2 elliptic model with appropriate symmetry to accom-
modate the 06 reflections as described in the previous sections, the effect is as follows:
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a) If the number of NS5 branes (including the images under the 06 reflection) is even, N5 = 2M,
and the 06 planes do not intersect any of the NS5 branes (Fig. 33a), then the gauge theory has
M + 1 factors. Two of the factors are SO or USp, while the rest are SU. To order N 2 the adjoint
of SO(N) or USp(N) has N 2 /2 degrees of freedom. Summing the contribution from the two SO
or USp factors gives N 2 , the same as the contribution from adjoints of the SU(N)M elliptic model.
Including the M bifundamentals, the U(1)R anomaly again vanishes.
b) If the number of NS5 branes is even, N 5 = 2M, and the 06 planes intersect two of the
NS5 branes (Fig. 33b), then the gauge theory has M SU factors, M - 1 bifundamentals and
two symmetric or antisymmetric tensors. The symmetric and antisymmetric tensors make up the
difference in degrees of freedom corresponding to the extra bifundamental in the elliptic SU(N)M
theory.
c) IF the number of NS5 branes is odd, N5 = 2M + 1, then one 06 plane intersects an NS5
brane and the other does not (Fig. 33c). The gauge theory has M + 1 factors, one of which is
SO or USp. There are M bifundamentals and one symmetric or antisymmetric tensor. Since the
gauginos of SO contribute half as many degrees of freedom as those of SU, and similarly for the
symmetric or antisymmetric tensor, the contribution of the SO or USp gauginos to c - a cancels
with the tensor, and the counting of the remaining degrees of freedom is again like the SU(N)M
theory.
Depending on the sign of the RR charges of the orientifolds, in some theories extra D6 branes
will be required to cancel the flux of sixbrane charge in the X6 direction, or equivalently for finiteness
of the M=2 theory. The D6 branes give rise to additional flavors, which are also required in those
cases for conformality. The additional flavors do not contribute to c - a to leading order in N, so
they were ignored in the counting above.
Alternatively, an 04 plane can wrap the X6 direction, parallel to the D4 branes, in which case
the theory is an alternating SOxUSpx ... theory with bifundamental half hypermultiplets. It is
easy to see that c - a = 0 in this case, as well.
As discussed earlier, NS5 branes can be rotated in the orientifold theories in such a way as
to preserve the orientifold symmetry, breaking K=2 to M=1. The argument regarding rotating
branes in the SU(N)M elliptic models is valid in these cases as well, and we find c - a = 0 for the
A=i elliptic orientifold models.
For certain specific orientations of the NS5 branes with respect to the 06 planes, additional
massless degrees of freedom appear. For example, as described in the last section, if an NS5 brane
and its image are parallel to the 06* plane, and there are no other NS5 branes between them, then
an additional antisymmetric (symmetric) tensor appears for the corresponding USp (SO) gauge
group, associated with movement of the D4 branes in the X7, X8 direction [99]. The additional
tensor does not contribute to the U(1)R anomaly because by gauge anomaly freedom the fermion
in the tensor chiral multiplet has vanishing R-charge.
The equivalence of the Weyl and Euler anomalies in the elliptic theories is not surprising, since
Type IIB configurations have been constructed which describe them, from which one can determine
their supergravity description. However, this result can be used to prove that non-elliptic conformal
or marginal theories which have a Type IIA brane description with vanishing net sixbrane charge
and linking numbers do not satisfy the condition c - a = 0. The argument is as follows: Two
copies of the Type IIA brane configuration for the non-elliptic theory can be connected to form
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'I,
'II
I,,
'I,
'I,
'I,
I,,
,/ I
III
'' '
Figure 34: Glueing together copies of non-elliptic theories
circle.
' ''
I Il
II
III
II,
II,
'I,
'II
I,'
'I,
'I,
'II
with vanishing net sixbrane charge on a
an elliptic model considered above if the net sixbrane charge and NS5 linking numbers vanish for
each copy separately (Fig. 34). The resulting elliptic model satisfies the condition c - a = 0 as
discussed above. The difference in the counting of degrees of freedom in this case versus the case of
the two separate copies is from additional gauginos for each of the two new fourbrane links. Since
the degrees of freedom of the new gauginos do not cancel the four additional bifundamentals, the
non-elliptic theory from which we started could not have satisfied c - a = 0. Theories which are not
included in this argument include those with non-vanishing linking numbers, i.e. bending branes,
theories with non-vanishing net sixbrane charge, and theories without semi-infinite D4 branes at
both the left and right side of the configuration (Fig. 35).
(a)
D60 00
O 06-
0 0 0
(b)
Figure 35: Some non-elliptic brane configurations not included in the discussion of Weyl and Euler
anomalies.
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1 2 3 1 2
N N N N N
k 1 2 k 1
N N N N N
k-1 k I k-1 k
N N N 0 0 0 N N
Figure 36: Twisted 1 x k elliptic brane box models. There are N D5 branes in each box of NS5
branes.
6.7 A comment on brane boxes
A similar analysis to that of the last section can be done for brane box models. A large class of
brane box models describes finite .A=4,2,1 theories [112]. In these theories there are bifundamentals
and/or adjoints with cubic superpotentials. The P1=2 theories are the same as the SU(N)M theories
described above, and the P1=4 theory is the usual SU(N) gauge theory. The P1=1 models differ
from ours in both matter content and superpotential. We briefly review their construction and
describe the restrictions on which of these theories may have a supergravity description in light of
the results of [87], in analogy with the discussion in the previous section.
The basic brane box for four dimensional gauge theories is a Type JIB brane configuration
consisting of a two dimensional lattice of NS5 branes filled with D5 branes of finite extent in two
directions. We will consider elliptic brane box configurations, in which the configuration is defined
on a torus. There are two classes of such configurations:
a) P1=1 configurations can be obtained by twisting the torus of an P1=2 configuration, as in
Fig. 36. There are bifundamental chiral multiplets between pairs of neighboring and diagonally
neighboring SU(N) group factors labeled 1,2,...,M. The grid represents the NS5 branes, and there
are N D5 branes in each box. The matter content can be summarized as three sets of bifundamental
chiral multiplets cyclically permuted among the SU(N) factors. There is a cubic superpotential
consisting of gauge invariant triple products of the bifundamentals.
b)Alternatively, generic tori of k x k' boxes with k, k' > 1 describe P1=1 theories, as in Fig. 37.
In either case, the number of bifundamentals is 3M, where M is the number of boxes. Each
bifundamental fermion has R-charge -1/3 in this case because of the cubic superpotential, so the
contribution to c - a of the MN 2 gaugino degrees of freedom cancels that of the 3MN 2 matter
fermions, so c - a = 0 in these elliptic brane box models. It is not surprising that the elliptic brane
box models should satisfy the supergravity condition since they have T-dual descriptions in terms
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N N
Figure 37: Generic k x k' brane box configuration.
of D3 branes at orbifold singularities [70, 112, 113, 1141.
If some of the boxes are made infinitely large in one direction, we obtain the cylindrical brane
box models described in [112]. Arguments similar to those in the previous section show that these
theories do not satisfy the c - a = 0 condition.
6.8 Conclusions of Chapter 6
We have studied four dimensional M=1 theories with quartic superpotentials and their brane
description in Type IIA and Type IIB string theories. These theories can be obtained from K=2
theories by integrating out the adjoint chiral multiplet. If the .A=2 theory is finite, then the
resulting .j=1 theory has marginal deformations along a line of fixed points. Type IIA elliptic
models have Type IIB descriptions in terms of branes and orientifolds in singular backgrounds. We
showed that a necessary condition for there to exist a supergravity description of a theory, namely
the equivalence of the Weyl and Euler anomalies, is satisfied in the elliptic models except at special
points along the manifold of fixed points at which there are additional massless degrees of freedom,
in which case we could not reliably calculate the anomalies. The condition c - a = 0 also imposes
severe restrictions on the types of non-elliptic models that can have supergravity descriptions:
Any non-elliptic theory which can be obtained from Type IIA brane configurations with vanishing
net sixbrane charge and NS5 brane linking numbers does not satisfy the supergravity condition
c - a = 0.
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